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Abstract

A fundamental understanding of mixing and blending of granular materials in
'horizontal rotating cylinders will be benefictal to a wide range of industries
i pharmaceuticals, metallurgy, ceramics, composites, polymers, food processing and
agriculture Yet, in relation to its industrial prevalence, the understanding of granular

mixing lags considerably when compared to that of liquid mixing.

Granular bed motion In the transverse cross section of a horizontal rotating

' cylinder is fundamental in determining advective heat transfer as well as axial flow of the
bed matenal, but to date studies have been mainly empirical aimed at determining the
macroscopic bed motion but devoid of detailed information of granular bed dynamics at a

microscopic level.

The current study is therefore aimed at the development of a theoretical
simulation tool based on Discrete Element Method (DEM) to interpret granular dynamics
of solid bed in the cross section of the horizontal rotating cylinder at the microscopic
level and subsequently apply this model to establish the transition behaviour, mixing and

segregation.

The simulation of the granular motion developed in this work is based on solving
Newton’s equation of motion for each particle in the granular bed subjected to the
collisional forces, external forces and boundary forces. At every instant of time, the
forces are tracked and the positions, velocities and accelerations of each particle is

updated at every instant of time.



The software code for this stmulation is written in VISUAL FORTRAN 90 Aftel
checking the validity of the code with spccial tests. it is used 1o investigate the transition
behaviour of granular solids motion in the cross section of a rotating cylinder for various

rotational speeds and fill fraction.

This work is hence directed towards a theoretical investigation based on Discrete
Element Method (DEM) of the motion of granular solids in the radial direction of the
horizontal cylinder (o elucidate the relationship between the operating parameters of the

rotattng cylinder geometry and physical properties of the granular solid.

The operating parameters of the rotating cylinder include the various rotational
velocities of the cylinder and volumetric fill.  The physical propertics of the granular
solids incfude particle sizes, densities, stiffness coefficients, and coefficient of friction
Further the work highlights the fundamental basis for the important phenomena of the
system namely, (i) the different modes of solids motion observed in a transverse cross-
section of the rotating cylinder for various rotational speeds, (i1) the radial mixing of the
granular solid in terms of active ayer depth (1) rate coefficient of mixing as well as the
transition behaviour in terms of the bed turnover time and rotational speed and (iv) the

segregation mechanisms resulting from ditferences in the size and density of particles

The transition behaviour mnvolving its six different modes of motion of the
granular solid bed is quantified in terms of Froude number and the results obtained are
validated with experimental and theoretical results reported tn the literature. The
transition from slumping to rofling mode is quantified using the bed turnover time and a
linear relationship is established between the bed turn over time and the inverse of the
rotational speed of the cylinder as predicted by Davidson er al.[2000]. The effect of the
rotational speed, fill fraction and coefficient of friction on the dynamic angle of repose
are presented and discussed The variation of active layer depth with respect to filf

fraction and rotational speed have been investigated The results obtained through



simulation are compared with the experimental results reported by Van Puyvelde ef. af.

[2000] and Ding ef al. [2002].

The theoretical model has been further extended, to study the mixing and
segregalion in the transverse direction for different particle sizes and their size ratios The
effect of fill fraction and rotational speed on the transverse mixing behaviour is presented
in the form of a mixing index and mixing kinetics curve The segregation pattern
obtained by the simulation of the granular solid bed with respect to the rotational speed of
the cylinder is presented both in graphical and numerical forms The segregation
behaviour of the granular solid bed with respect to particle size, density and volume
fraction of particle size has been investigated. Several important macro parameters
characterising segregation such as mixing index, percolation index and segregation index
have been derived from the simulation tool based on first principles developed in this
work.
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CHAPTER 1
INTRODUCTION

1.1 Granular materials: A fascinating tield

Granular materials are large conglomerations of discrete microscopic particles
of varying size, shape and matenial properties, which displace from one another and
interact only at the contact points. Granular matenals are obiquitous; a few examples
include food products such as rice, corn and breakfast cereal flakes, building
materials (sand, gravel and soil) and chemicals (coa! plastics and pharmaceuticais)

' They play an important role in several of our industries such as mining, agriculturé,
civil engineering and pharinaceutical engineering. They are also important in

geological processes where landslides and erosion occur on a larger scaie

. The behaviour of granular materials is determined by the material and
geometric properties of the particles at the contact points. Depending on these
conditions the granular materials exhibit properties reminiscent of the various states
of matter; they may be deformed as solids, may have flowability similar to liquids or
compressibility like that of gases. For example, a sand pile at rest with a siope lower
than the angle of repose, behaves like a solid: the material remains at rest even though
gravitational forces create macroscopic stresses on its surface If the pile is tilted
several degrees above the angle of repose, grans stan to flow. However, this flow is
clearly not that of an ordinary fluid because 1t only exists in a boundary layer at the

pile’s surface with no movement in the bulk.

A distinguishing feature of granular flows over other flows of solid-fluid

mixtures is that in granular flows, the direct interaction of particles plays an important
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role in the flow mechanics. The dynamics of granular materials are highly dissipative
and a significant fraction of the energy dissipation and momentum transfer in granular
flows occur when particles are in contact with each other or with a boundary Unlike
the flows of solid-liquid mixtures, the temperature has no effect on grain motion since
external forces such as gravity dominate the behaviour. Further the frictional
interactions between the individual grains are highly nonlinear and, for static friction,
even discontinuous.  Also the particle size in a granular system is comparable to the
length scale of flow variation; for example, the patterns such as waves resulting from
the flow of granular materials occur on scales only 10-100 times that of the individual
grain. Due to these unique properties exhibited by granular systems they are usually

considered as an additional state of matter in its own right.

The unusual and unique character exhibited by granular material systems have
led to a resurgence of interest within several scientific and engineering disciplines
ranging from physics, soil mechanics and chemical engineering (Jaeger and Nagel
[1992]; Behringer [1993, 1995]; Bideau and Hansen [1993]; Jaeger et al. [1994,
1996a, 1996b]. Mehta [1994]; Hayakawa et al. [1995]).

The science of granular media has a long history. Much of the engineering
literature has been devoted to understanding how to deal with these materials.
Notable contributions in the literature include Coulomb [1773], who proposed the
ideas of static friction; Faraday [1831), who discovered the convective instability in a
vibrated container filled with powder, and Reynolds [1885], who introduced the
notion of dilatancy, which implies that a compacted granular material must expand in
order for it to undergo shear.

Finally, there is another vitally important reason for the recent activity in this
field. As mentioned above, many of our industries rely on transporting and storing
granular materials These include the pharmaceutical industry which relies on the

processing of powders and pills, agriculture and the food processing industry where
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seeds, grains and foodstuffs are transporied and manipulated, as well as all
construction based industries. Similarly, manufacturing processes in the automotive
industry rely on casting large metal parts 1n carefully packed beds of sand. Thus it is
important to develop appropnate technology for handling and controlling granular

materials effectively, and this still remains as an area not yet fully explored
1.2 Why study granular materials?

A good understanding of the physics of granular materials is desirable in
designing efficient processing and handling systems. The significance of this is

apparent when one considers the following statistics:

o In chemical industry approximately one-half of the products and at least
three-quarters of the raw materials are in granular form (Neddermann
[1992}).

o Eanis ef al. [1994] estimate that $61 billion in the chemical industry is
linked to particle technology.

o Approximately 1.3% of the U.S. electrical power production goes toward
grinding particles or ores (Ennts ef al. [1994])).

¢ Landslides cause a minimum of $1.5 billion dollars of property damage
and at least 25 fatalities in the United States annually.

¢ Each year over 1,000 silos, bins, and hoppers fail in North America
(Knowlton ef al. [1994)).

o 1n Mexico, S million tons of corn is handled each year, 30% of which ts

fost due to poor handling systems.

In the chemical industry aloge, it is estimated that half the products and three-
quarters of the raw materials are in the form of particulates (Neddermann [1992}) and

also enormous costs are associated with handling these materials. For example, a
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straightforward process such as crushing ores uses approximately | 3% of the U.S
annual energy consumption. Estimates show that around 60% of the capacity of many
of the industrial plants 1s wasted due to problems related to the transport of these
materials from part of the factory floor to another (Ennis ef a/ [1994]) A recent
study of 40 solids processing plants in U.S. and Canada showed that 80% of the
plants experienced solids handling problems and most of the plants were slow coming
on-line. Furthermore, once operational, handling problems continued resulting in
achieving only 40% to 50% that of its desired performance (Knowlton ef al. [1994])
In order to avoid such problems and to properly design systems involving
particulates, there needs to be a better understanding of the mechanics and
dynamics of gmnﬁ.’ar materials. Hence, even a small improvement in our
understanding of how granular media behave should have a profound impact on
industry. Unfortunately there remains a poor understanding of how to model and
simulate flow of granular materials. Most of the particulate handling knowledge is

empirical and a scientific approach to analyzing these flows does not yet exist fully.

1.3 Granular Mixing and Segregation

Three mechanisms have been recognized as important in solids mixing (Lacey
[1954]) namely, (i) convection, (ii) diffusion and (iii) shear. In any particular process
one or more of these three basic mechanisms may be responsible for the course of the
operation. In convective mixing, masses or group of particles transfer from one
location to another while in diffusion mixing individual particles are distributed over
a surface developed within the mixture. In shear mixing, groups of particles are
mixed through the formation of slipping planes developed within the mass of the
mixture, but this i1s often considered as part of a convective mechanism. A
combination of the mechanisms described above promotes mixing in diverse types of

mixers.
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Solids mixing, also known as blending, is a common processing operation
used in the manufacture of products such as ceramics, plastics, fertilizers, detergents,
pharmaceuticals, food products, building materials, and cosmetics. The intent of
mixing operations is to produce products of uniform quality and content and also to
control the rates of heat and mass transfer and chemical reactions. Industrial devices
designed to mix solids include tumblers, convective mixers, gravity flow mixers, and

fluidized mixers

However, the movement of particles during a mixing operation can also result
in another manifestation known as segregation, which may retard, or even reverse, the
mixing process (Henein er al. [1983a, 1983b], Nityanand [1986]). When particles
differing in physical properties, particularly size and/or density, are mixed, mixing 1s
accompanied by a tendency to segregate. Thus, in any mixing operation mixing and
de-mixing may occur concurrently and the intimacy of the resulting mix depends on
the predominance of the former over the latter. Apart from the properties already
mentioned, surface properties, flow characteristics, friability, moisture content, and
tendency to cluster or agglomerate, may also influence the tendency to segregate. The
similar the ingredients are in size, shape and density, the easier the mixing operation
is and the more intimate the final mix. Once the mixing and de-mixing mechanism
reach a state of equilibrium, the condition of the final mix 1s determined and further

mixing will not induce improved result.

The importance of segregation on the degree of homogeneity achieved in
solids mixing cannot be over- emphasized. Any tendency for segregation to occur
must be recognized when selecting solids mixing equipment. Segregation in a mixture
of dry solids is readily detected by use of a heap test. A well-mixed sample of the
solids is poured through a funnel so as to form a conical heap. Samples taken from
the central core and from the outside edge of the cone should have essentially the

same compositions if segregation is not to be a problem. When the two samples have
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significantly different sizes or densities, it can be assumed that segregation would
occur unless a very careful choice of equipment is made. It is generally accepted that
the efficiency of a mixing process must be related to both the flow properties of the

components, and to the selection or design of the mixer

In some cases the phenomenon of segregation is exploited in order to separate
or remove particles with different properties. Devices utilizing this phenomenon
include vibratory sieves and Humphreys spirals and Reichert cones. In most
instances, however, segregation is undesirable since it counteracts the intent of
mixing operations. Even if a collection of particulates is well-mixed, subsequent
transport and handling along conveyor belts or in railroad cars, for example, often
results in segregation of the constituents. This is of particular concern for the
pharmaceutical and ceramics industries where homogeneous blends of solids are
critical.

A common approach to solids blending is to use the tumbling blender, which
is essentially a hollow vessel attached to a horizontal rotating shaft. Tumblers are
perhaps the most common among solid processing and mixing devices. In addition to
mixing, this type of apparatus impacts such applications as drying kilns, ball mills,
and coating processes. In any tumbler, the bulk of the granular material moves as a
solid body, while the surface layer forms the down-surface flow. It is within this

region of downward flow that mixing and segregation occurs.

Considerable efforts have been made to design mixing processes that
maximize homogc'neity. and minimize mixing times. However, progress in
understanding flow and mixing of granular materials has been hindered by the lack of
understanding of their constitutive behaviour. In recent years, many constitutive
relaﬁons have been proposed to model granular flows. Most of these theories are

limited to a situation of either a rapid flow or a quasi-static flow. However, the flow
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pattern within tumbling mixers generally consists of a rapid flowing region and a
non-deforming region that usually contains a large part of the material to be mixed
and therefore a scientific approach to investigate granular mixing in tumbling

blenders is not yet possible
14 Need for the present study

Granular flow in rotating cylinders is encountered in practical applications
such as drying, mixing, and separation of particulate materials. Hence a fundamental
understanding of mixing and blending of granular materials in horizontal rotating
cylinders can be beneficial to a wide range of industries, namely; pharmaceuticals,
metallurgy, ceramics, composites, polymers, food processing and agriculture, to name
a few. Yet, in relation to its industrial relevance, the understanding of mixing of
granular materials lags considerably behind that of liquid mixing (Ottino [1989]).
Even though fundamental solids mixing mechanisms have been widely studied by
investigators over the years (Lacey [1954], Hogg er al. [1966], Bridgwater ¢/
al,[1985], Bridgwater [1995]), a synthesis of these fundamentals into a coherent
mixing description has been elusive In fact, despite a substantial amount of work
during the past few years aimed at understanding granular mechanics (Henein. ef al.
[1983a, 1983b]); Nityanand ef al, [1986]; Jaeger and Nagel [1992], Jaeger e/ al
[19962, 1996b)) and powder mixing (Fan ef al. [1990]; Poux. er al. [1991]) we do not
yet have a full understanding of even the simplest case, namely; the mixing

mechanism of two identical powders in a slowly rotated container.

Hence our research is focused on granular mixing in tumbling mixers, the
simplest prototype being a horizontal cylinder, partially filled with granular material
and rotated about its axis. Tumbling mixers are widely used in industry and current
design practices are primarily based on empirical data. The goal of this work is to

| build a numerical simulation tool, which will help to evolve better designs for

i
g
t
E

1
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equipment as well as improved industrial practice One of the objectives of the work
is to arrive at a mathematical model for the dynamics of mixing and use it to
simulate real-world systems, which in turn can be used for a rational approach to

design.

Engineers and physicists interested in complex non-Newtonian behaviour of
granular flows have developed several continuum theories (Ottino [1989], Khakhar er
al. [1997a, 1997b]). However, it is difficult to measure bulk properties such as
stress, strain, and void fraction, which are necessary to develop a continuum theory,
and hence continuum approach has achieved only limited success in mixing
problems. Similarly, the other approaches to modelling granular flow, such as those
based on statisticz_tl mechanics and cellular automata (Baxter and Behringer
[1990,1991]), while useful in certain regimes, are not general enough for all types of
granular flow, and have not been successfully used as a predictive tool in granular

mixing.

The success of molecular dynamic simulations for gas and liquid systems has
motivated the use of the Discrete Element Methods (DEM) (Cundall and Strack
[1979; Walton and Braun [1993]; Tsuj [1993]; Mishra and Rajamani [1992]; Ristow
[1994]) in modelling granular flows. These methods consider the granu-Iar material as
a collection of a large number of discrete solid particles, which move independently
from each other according to the deterministic laws of Newtonian mechanics. The
advantage of these methods over the continuum models is their ability to simulate a
wide range of granular flows with different particle sizes, shapes, and physical
properties. The major drawback of the discrete models is the excessive run time for
relatively small number of particles even with state of the art computers. When the
mumber of particles .is of the same order as in real flows of fine materials, the
computation time becomes extremely long. Therefore, it is expensive or impossible

to apply the discrete particle simulation to the case of fine powder.
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Hence this work is directed towards a theoretical investigation based on
Discrete Element Method (DEM) of the motion of granular solids in the radial
direction of the horizontal cylinder to elucidate the relationship between the
aperating parameters of the rotating cylinder geometry and physical properties of

the granular solid.

The operating parameters of the rotating cylinder include the various
rotational velocities of the cylinder and volumetric fill. The physical properties of the
ganular solids proposed to investigate include particle sizes, densities, stiffness
cefficients, and coefficient of friction. Finally the thesis will also investigate the

following three factors of the system namely;

e The different modes of solids motion observed in a transverse cross-
section of the rotating cylinder for various rotational speeds,

o The radial mixing of the granular solid as well as the transition
behaviour in terms of the bed turnover time and rotational speed

@ Segregan'rm. mechanisms resulting from differences in the size and

density of particles.

15 Layout of the thesis

Chapter 2 contains a state of art of literature review of the transverse solids
bed motion in a rotating cylinder. A comprehensive overview of all experimental and
theoretical studies related to the granular solids motion in rotating cylinders is
presented. The advantages and disadvantages of the various theoretical and computer

L4
aided simulation methods are also discussed.



Introduction I

A detailed description of the mathematical model based on Discrete Element
Method is provided in Chapter 3. The different types of contact forces available m
the literature are discussed. Then formulation suitable for the dynamics of granular
. material motion in radial direction of the horizontal rotating cylinder 1s presented
along with appropriate contact forces The flow chart of the algorithm along with
initial configuration generation is presented This chapter concludes with a discussion

on the validation of the software code DEMCYL developed for the present study.

Chapter 4 discusses the numerical results obtained by the simulation tool
developed in Chapter 3 for a rotating cylinder of inner radius 15 m. The resuls
obtained are presented both at the micro-level and macro-level. The micro dynamic
analysis of the granular flow behaviour is presented in terms of the kinetic energy of
the system and the radial position of the granular particles and as velocity vector
plots. At the macro level, the effect of the rotational speed, fill fraction and
coefficient of friction on the dynamic angle of repose are presented and discussed
Also the different types of the transverse solids motion with respect to changes in the
rotational speed of the cylinder is presented in terms of the bed turnover time The
Active layer depth with respect to fill fraction and rotational speed are presented The
results obtained through simulation are compared with the experimental results of

Van Puyvelde et. a/. [2000] and Ding et al [2002]

An analysis 6f mixing and segregation in the transverse direction for different
particle sizes and théir size ratios is carried out in Chapter 5 The effect of fill
fraction and rotational speed on the transverse mixing behaviour is presented in the
form of a mixing index and mixing kinetics curve. The segregation pattern obtained
by the simulation of the granular solid bed with respect to the rotational speed of the
cylinder is presented. The segregation behaviour of the granular solid bed with
respect to particle size, density and volume fraction of particle size has been

investigated  From the results of the numerical experiments through computer
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simulation, the macro parameters such as mixing index, percolation index and

segregation index are obtained.

A summary of the significant results and the scope for future mvestigations in

this area are preseméd in the concluding Chapter 6.



CHAPTER 2

A LITERATURE REVIEW ON THE
TRANSPORT PHENOMENA OF THE
GRANULAR BED MOTION IN
A ROTATING CYLINDER

2.1 Introduction

Rotating cylinders play a prominent role in the processing of granular
materials in metallurgical and chemical industries in which operations such as
reﬂucﬁon of iron oxide, calcination of limestone and petroleum coke are carried out.
The widespread usage of rotating cylinders in processing can be attributed to such
factors as its ability to handle varied feed stocks having large variations in particle
sizes and ability to maintain distinct environments; for example reducing conditions
within the solid bed coexisting with an oxidizing atmosphere in the freeboard (a

unique feature of the rotating reactor that is not easily achieved in other reactors) in

the direct reduction of minerals.

In order to improve the performance of the processes taking place inside the
rotating cylinder, a better understanding of the transport phenomena in the granular
medium inside the rotating cylinder is required. During particle motion, solid
particles inside the cylinder undergo various processes ltke heat exchange, drying,
heating, chemical reaction etc. Hence it is very essential to have a fundamental
understanding of the processes occurring inside a rotating cylinder, so that it can be

designed to function under optimum process conditions.
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Since the present work focuses on granular bed motion in the radial direction
of a rotating cylinder, this chapter presents a comprehensive review of the literature
relating to solid bed motion in the radial direction of the horizontal rotating cylinder
Commencing with a description of the general dynamics of the solid bed movement
in a rotating cylinder, a detailed review of the theoretical and experimental studies

related to transverse solid bed motion, mixing and segregation behaviour 1s presented.

2.2 Dynamics of granular motion in rotating cylinders

In normal industrial practice, rotating cylinders partially filled with granular
solids having a volumetric hold-up of 10% to 50% of the total volume of the cylinder
are used. The cylinder is inclined along its axial length at a few degrees to the
horizontal and is -rotated along its horizontal axis as shown in Figure 2.1
Horizontally rotating cylinders are slightly tilted along their axis to facilitate the

movement of solid particles.

Direction of Rotation

Cyfinder walt
Falling
sutface layer
Partcle path alang line Rigid body
of ssepoest descent metion

Granular bed

Figure 2.1: Schematic view of granular bed motion in a rotating cylinder
(Spurling, [2000])
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The movement of parti cles inside the solid bed can be resolved mmto twuo
components, namely, (1} m the transverse direction and (i) i the axial direction
The transverse movement of the granular medium is perpendicular to the cyvlinder
axis and is responsible for the homogeneity of the sohid bed, whereas the axal
movement of particles takes care of the shape of the solid bed and the residence time
of the particles inside the various zones. The granular matenals are slowly conveyed
along the cylinder length as a result of continuous circulation and force of gravity
down the slope. Earlier works by Sullivan er al. [1927], Seaman [1951] and Boatenyg
[1993] show that the axial motion of the particles is mainly due to transverse
movement, since for every particle turnover in the radial cross section there is an
axial material advance Eventhough there 1s a linkage between particle motion i the
transverse direction and particle velocity in the axial direction, the literature deals
with these two types of bed motion as independent phenomena. Only in recent past an
attempt has been made to guantitatively link the axial velocity to the transverse

motion (Perron and Bui [ 1990])

23 Granular bed motion along the cylinder axis

The bulk motion of a granular bed under steady state operating conditions in a

rotating cylindrical reactor has been experimentally investigated by several groups of

, researchers using laboratory and pilot plant scale devices, commencing with the work
l; of Sullivan e/ /. [1927] and Seaman [1951]. The movement of solid particles in the
. wxial direction determines the residence time, which is an important parameter for the

i design of rotating cylindrical reactors The first attempt to study the residence time of

solid particles in a rotating cylinder was made by Sullivan ef a/. [1927]. Earlier
researchers made attempts to predict the mean axial velocity and residence time of the
granular materials focusing mainly on the angle of repose of the solid bed, horizontal

slope of the rotating cylinder and the angular velocity of the cylinder Seaman [1951]
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proposed a theoretical analysis for the relationship for residence time determined by

axial solids velocity namely;

Vo =tpossie il
sme

(2.1)

where [ is the slope of the cylinder, K is inner radius of the cylinder, & is the

dynamic angle of repose and w is the angular velocity of the cylinder

Perron and Bui [1990] summarized various relations connecting the mean
solids axial velocity to slope of the cylinder, rotational speed, loading and dynamic or
static angle of repose. By applying a dimensional analysis on the velocity profile for

the bed cross-section, they proposed a new formula to predict axial velocity; namely,

[ ( 1
v ¥
— l—cos-
b T
Vs = RBw £-£—-———-(H20088+2H 2HR-H2 sin &;w 2 (2.2)
K \ y 6
2tan -
1+. g o
i 6 /]

In this equation, H is the actual bed depth, & is the bed depth in angular

measure, and i and 7 are exponents determined by dimensional analysis. This

expression is unique in that rather than yielding only a mean axial velocity it allows
quantitative predictions for local axial velocity through its inclusion of various local
parameters: for example, the local transverse velocity profile. However, the validity
of the expression has not been clearly established even at the laboratory or pilot

scales, and the problems of scale-up to the industrial level still remains formidable.
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Nonetheless the most commonly used correlation is still that proposed by Seaman

[1951).

Sai ¢t al [1990, 1992] conducted experiments in rotating cylinder contaming
ilmenite particles to study the residence time distribution of low density particles,
hold-up and bed depth profile and their study supported the conclusion of Suilivan ¢r
al [1927). Chatterjee et «/. [1983] has also reported the same observation. All these
Studies are based on the assumption that the systen is under steady state and only a

single type of material is used for deriving the empirical relationships.

A number of industrial situations give rise to transtent behaviour ia the solids
motion, such as start-up, trregularities in the granular feed rate and fluctuations in the
physical properties of the granular solid. In order to devise an effective control
strategy, and successful process models, it is therefore important to understand the
unsteady solids motion resulting from sudden changes in the operating vanables,
namely the rotation speed, the solids feed rate, and the slope of the kiln axis. There is
little published work dealing with the dynamic case except for a small sct of
liboratory scale experimental measurements of the variation in the discharge rate of
solids with time following a step change in each of the operating variables, as
reported by Sriram and Sai [1999] They validated the equations of Perron and Bui
[1990] for different experimental conditions covering the steep changes in the feed
rate of solids. Ang er al. [1998] developed an empirical equation for the residence

distribution for a binary feed mixture of solid particles.

Recently Spurling [2000] has carried out an extensive study, both theoretical
and experimental, of the motion of a rolling bed of sand flowing through a laboratory
scale cylinder inclined along its length and slowly rotating about its axis, to study the
effect of the discharge dam geometry on the steady state hold-up profile. Also.

experimental measurements have been made of the discharge flow rate and axial
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hold-up profile as functions of time following a step up or down in one of three
variables; viz., (1) the mass feed rate (ii) the rotation speed, and (iif) the axis of
inclination, and has been verified with the work of Sai e /. [1992] and Sriram and

Sai [1999)
24 Granular bed motion in the transverse plane

The motion of a bed of granular solids in the transverse plane of a rotated
cylinder can take different forms, as described by Henein ¢ «/ [1983a]. As the
cylinder 1otation speed is increased from zero, six distinct modes of bed behaviour
viz,, slipping, slumping, rolling, cascading, cataracting and centrifuging are observed,

as shown schematically in Figure 2 2

Cascading

Cataracting

Figure 2.2:  Schematic view of the different modes of solids motion
(Boateng, [1993])
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2.4.1 Slipping Mode

At very low rotational speeds, especially when the friction between the
granular bed and the cylinder wall is low, the granular bed behaves as a rigid body
The bed motion is observed 10 take one of two forms (i) the granular bed remains at
rest and the granular solid continuously slides at the wall, or (i1} the granular solid
repeatedly moves upward with the cylinder until the bed surface reaches a maximum
inclination and then ships at the wall back to a minimum inclination and then resumes

rotation.

242 Slumping Mode

In this mode, the granular solid is lifted like a rigid body by the cylinder wall
such that the inclination of the bed surface increases continuously uatil it reaches an
upper angle of repose, then detaches from the upper surface of the bed, and falls as a
discrete avalanche toward the lower half of the bed. Following the avalanche the
inclination of the surface of the granular solid drops to an angle of repose that is less
than the static angle of repose of the granular solid. The slumping frequency 1s
observed to increase with increasing rotation speed, eventually leading to the rofling
mode. The change between the slumping and rolling modes of bed motion is not
always clearly defined, rather the bed behaviour is found to go through a transition in

which the bed changes unpredictably between rolling and slumping behaviour.

243 Rolling Mode

The bulk of the bed rotates as a rigid body about the cylinder axis at the same
rotation speed as the cylinder wall. On the bed surface there appears a thin layer of
continuously falling particles forming a plane free surface that is inclined at the

dynamic angle of repose of the granuiar solid to the horizonta!l plane. Solid particles
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mix more effectivelv in the rolling mode In the rolling mode, bed material can be
divided into two distinct regions, namely a ‘passive region or plug flow region” where
the particles are carried upward by the cylinder wall, and a relatively thin ‘active
region or cascading layer’ where the particles flow down the slipping upper bed
surface as shown in Figure 2.3 In the passive region, granular mixing s negligible
and the mixing mainly occurs in the active region At higher mixer rotational speeds.
the continuous {low rolling regmme 1s obtained, in which a thin layer of particles flows
down the free surface while the remaining particles rotate as a fixed bed. Transverse
mixing in this case depends on the dynamics and results from the shearing and

collisional ditfusion within the layer.

Figure 2.3:  Rolling bed motion. top plane- active (shear) layer; bottom ptane -
plug flow {non-shearing region), (Boateng, [1993])
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2.4.4 Cascading Mode

As the rotauion speed is increased turther, the panicles i the upper corner of
2 rolling bed are lifted higher hefore detaching from the cylinder wall. and the bed
rface assumes a crescent shape in the cylinder cross-section This mode of material

tion (s termed as cascading mode
2.4.5 Cataracting Modc

On further increasing the rotational speed, centrifuga! forces become
|
increasingly important in the motion of particles along the bed surface, the curvature
of the cascading surface becomes highly pronounced and particles are projected into

the frecboard space from the upper corner of the bed.

i2.4.6 Centrifuging Mode

At a Froude number of unity, the granular solid ts confined to the inner watl of
the cylinder by centrifugal forces. According to Nityanand er o/ [1986]. the critical
fotational speed at which a particle at the cylinder wall starts centrifuging can be

calculated from the equation

30 [2¢g
Ne = 23
¢ rr\/D (23)

yhere g is the acceleration due to gravity and D is the diameter of the cylinder
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2.5 Dynamics of granular material motion

Rutgers [1965) has provided a cnterion for the dynamic similanty of the
rotating cylinder by quanufying the transverse bed motion in terms of rotational

Froude number,

)
o @K (2 4)
g

where @ is the rotational speed of the cylinder, X is the mner radius of the cylinder
and g 1s the acceleration due to gravity The slipping, slumping and rolling modes of
bed motion have been investigated experimentally by a number of authors. including
Henein e/ al. [1983a, 1983b] and McTait (1998] The change from the slumping to

the rolling mode of bed motion was found to occur at a rotational Froude number
fween 110 Yand 11077 by Henein er a/. [1983a) and between <10 °and

lx]O""by McTait {1998]. Also the mode of bed motion was found to be uniquely
determined by (i) the hold-up as a fraction of the cylinder volume, (ii) the rotation
speed, (ii1) the cylinder diameter, and (iv) the particle size and shape It was found
that the transition from a slumping to a rolling bed occurred at a lower rotational
Froude number for the cases of (i) a higher fractional hold-up. (ii) particles of
spherical rather than irregular shape. (iii) smaller particles, (iv) cylinders of larger

diameter, and (v) granular solids with a lower static angle of repose

McTait [1998] used sand and glass ballotini, of mean particle size 0 0 and
0.22 mm respectively, rotated in cylinders of diameter 0.105, 0.194, 0 288 and 0 5 m
with sither smooth or rough walls, The bed motion was classified from observations

made through a transparent end plate of the cylinder and the slumping mode of
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‘imotion was charecterised from the digital images captured by a video camera 1t was
{found that the transition between the slumping and rolling modes of bed motion
woocurred at a higher rotation speed for a cylinder with rough walls The scale-up
parameters proposed by Henein ef af. (1983a) were tested against the experimental

pbservations.

Rajchenbach [1990] identified hysteresis in the transition between slumping
and rolling modes of bed motion in a granular bed of 0.3 mm diameter glass spheres,
rotated in a cylinder of diameter 190 mm. When the rotational speed was increased,
the transition from slumping to rolling took place at a rotational speed of 0.5 rpm,
whereas when the rotation speed was decreased, the transition from rolling to

slumping occuried at a lower rotation speed of 0.25 rpm.

Henein ¢7 al. [1983b] proposed mathematical models governing the transition
between various modes of motion such as (i) slipping to slumping (ii), slipping to
rolling, (iii), slumping to rolling and (iv) rolling to cascading. 1t was proposed that the
transition from slumping to rolling would take place when the time taken for the shear
wedge to slump down the bed surface was equal to the time required for the surface

of the bed to increase from the lower to the upper angle of repose.

Ding er al, [2001] used non-invasive PEPT (Positron Emission Particle
Tracking) technique to follow the particle trajectory and velocity in the rolling mode.
A mathematical model based on the thin-layer approximation was proposed to
describe solids motion in the active layer. Reasonable agreement was obtained
between the model predictions and experiments. A new parameter termed as the
solids exchange coefficient was proposed to characterize particle exchange between
the passive and active regions. A theoretical expression for this parameter was also
derived. This expression, upon application of the thin-layer approximation, reduces to

give an explicit relationship between the solids exchange coefficient and cylinder



A Literature Review 73

operating parameters such as rotational speed and fill percentage, as well as the bed
material rheological properties. The solids exchange coefficient was also shown to

give a possible scale-up rule for rotating cylinders operated in a rolling mode

Mellmann [2001] has reviewed the results on transverse bed motion and
- developed mathematical models to predict the transitions between different forms of
! transverse motion of granular solid bed. His predictions for the transition behaviours
based on the values of the Froude number are presented in Table 2.1. He has also
represented the transverse motion of bed materials as a bed behaviour diagram where
the wall friction coefficient and the Froude number are plotied against the filling

degree and it represents the ranges of individual forms of motion and their limits.

Table 2.1: Different modes of solids motion in terms of Froude Number
(Mellmann [2001])

Types of motion Froude number
Shipping 0<Fr<10"
Slumping 10”°<Fr<10™
Rolling ‘ 10%<Fr<io”
Cascading 107 <Fr<10’
Cataracting 10" <Fr<l
Centrifuging Fr>1

26 Particle mixing and segregation in transverse plane

|
; Since particle mixing is maximum in the rolling mode, studies related to

i_jlixing and segregation have been reported mainly for the rolling regime in transverse
|

tfﬁwﬁon. Also 1t has been found that the active layer is predominantly responsible for

ﬁ
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the mixing and segregation of solids (Henein e/ af. [1983a, 1983b), Boateng and Barr
[1996,1997], Boateng [1993]. Chakraborty ¢/ al. (2000])

The mixing and segrcgation of particles in a horizontal cvylinder, partially
filled with granular solid and slowly rotated about its axis, has been investigated
expenmentally by a large number ot authars, commencing with the work of Oyama
[1939), Weidenbaum and Bonilla [1955} and Roseman and Donald [1962]. In
general, experiments were performed in a cylinder that was closed at both ends and
rotated in batch mode, at a rotation speed resulting in the stumping, rolling or

cascading modes of bed motion.

Experimental measurements of radial mixing of mono-sized particles of equal
density in a slumping bed has been reported by Clement ef al. [1995] and Metcalfe e/
al. [1995], and 1n a rolling bed by Khakhar er al. [1997a). Clement er al. [1995] used
a video camera to track the motion of a single particle of diameter 1 S mm in a short
cylinder of diameter {60 mm and depth 15 mm. The particle was found to move at
random between different radial positions in the bed. Metcalfe er al. [1995]
investigated the radial mixing of table salt of mean diameter 0.6 mm, rotated in a
short cylinder of diameter 144 mm and length 24 mm. A simple model for the mixing
process was proposed which involves (1) a geometric part corresponding to transport
of the slumping wedge from the top to the bottom of the bed, and (ii) a dynamic part,
assuming random mixing within the wedge. Good agreement was found between the
model and experiment, but the model was found to consistently overestimate the

mixing rate.

Khakhar ef al. {1997a] used a video camera to investigate radial mixing in a
thin cylinder, of diameter 69 mm and length 15 mm, between different colours of (1)
angular sugar crystals of diameter | mm, and (ii) spherical sugar balls of diameter 1.8

mm. The rate of mixing per revolution was found to increase as the hold-up was
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\l'decrused and 10 be higher for spherical particles. A continuum niodel for mixing

besed on an Eulerian model for granular flow, was derived in which the particle
motion was assumed to have a random diffusional component perpendicular (o the
direction of flow. The mode!l was found to be in reasonable qualitative agreement

| with experimental observations for a range of values of hold-up.

|

»

| A number of authors have reported that differences in the size density and
ll:hape of particles would result in particle segregation in the falling layer of the
‘circulating bed. According to Henein er al. {1983a, 1983b], Nityanand er al. [1986]
; segregation is a combination of three mechanisms, namely, (i) percolation, (ir)
. vibration and (iii) flow segregation. Particle percolation is the process where by
smaller particles in a mixture trickle through the voids in a bed of larger particles,
thus forming a mixture with larger particles on top and smaller particles on bottom
This type of segregation is a function of the packing characteristics of the bed,
particle size and shape. According to Bridgwater [1976), when there is a difference
i particle size, there is a chance for percolation to occur. Segregation by vibration
typically occurs when a mixture of coarse and fine particles is subjected to prolonged
vibration. As a result of the vibrations the smaller partictes segregate to the bottom
while the larger particles would segregate to the top. Segregation by flow occurs
when granular solids are set in motion over an inclined surface. Coarse particles
.travel down an inclined surface further than fine particles and spherical particles flow
¢asier than angular particles.

During percolation, more dense particles are found to filter downwards
E__iough the layer while larger, less dense, particles are displaced upwards. Hence it
msproposed that percolation occurs because there is a larger probability of smaller
’P.xe dense particles falling downwards into voids between particles at lower
\

gositions in the flowing layer Particle segregation in the shear layer was found to
\
__ segregation patterns in the axial and radial directions. In the radial direction,

I
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a horizontal core of finer or denser particles was found to form in the granular bed,
whereas in axial segregation either (i) alternate bands of coarse and fine. or light and
eavy, particles formed down the length of the granular bed, or (ii) bands of fine, or
light, particles formed adjacent to the ends of the cylinder and in a honzontal core
tlong the length of the bed. The rate of radial segregation was found to be of an order
of magnitude faster than axial segregation, leading to the conclusion that axial

segregation progressed with the radially segregated bed as its initial condition

::_; Nityanand e/ a/. [1986] have investigated radial segregation in binary and
$ernary mixtures of spherical acrylic beads of diameter 4, 6.4 and 9 mm, rotated in a
eylinder of diameter 0.2 m or 0.4 m, to produce the rolling mode of bed motion. The
effect of varying the following experimental parameters was investigated: (1) the
-hold-up, between 23 % and 52 % of the cylinder volume, (ii) the rotation speed,
between 1.4 and 100 rpm, and (iii) the mass fraction of fines in the mixture, between
10% and 49 %. Th.e granular bed was initially well mixed, and measurements of the
fsegregation process were made using a high speed video camera through a transparent

¢énd plate to the cylinder. It was found that:

o The smallest size of particles segregated to form a central core, of similar
shape to the bed cross-sectton, just below a falling layer of coarse particles,
and the size of the core was found to be proportional to the mass fraction of
the finest component in the granular bed.

o In a ternary mixture, the annulus of granular solid around the core was found
to be a well mixed mixture of beads with diameters 6.4 mm and 9.5 mm
respectively.

o In all cases the segregation process was found to reach equitibrium within a

single turnover of the granular bed. The segregation rate was gquantified by
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counting the rate at which the finer beads were depleted from a control
volume, defined to be equal to the outer annulus of the segregated bed

¢ The segregation kinetics was found to be zero order, independent of the hold-
up. and the rate of segregation was found to be higher for (i) a larger cvhndet
diameter, (1) a higher rotation speed and (i) a larger ratio of the largest and

smallest particle sizes

Pollard and Hencin [1989] reported similar measurements for 3 narrow size
ranges of irregular limestone particles with a mean particle size of 2 8 4 6 and 6 mm
The behaviour of the granular bed was found to be similar to that described for
spherical particles, except that the segregated core was found to contain a small
fraction of larger particles. Henein ¢f. al {1985, 1987] investigated radial segregation
by sampling the composition of the granular bed in a cvlinder of diameter 0 4 m
rotated to produce the slumping or rolling mode of bed motion 1t was found that the
bulk density of a binary mixture of two particle sizes had a minimum value for a
certain ratio of the two components, and the density of the segregated core was shown

to be close to this value for a granular bed composed of a binary mixture of limestone

particles.

Khakhar er /. [1997b] investigated radial segregation between spherical
particles of steel and glass, both about 1.6 mm in diameter, but with a weight ratio of
sbout 3.8, in a cylinder of diameter 75 mm The effect of varying two experimental
I-\m'iables was investigated. (i) the number fraction of the dense particles, and (u1) the
]DM-up. It was found that the dense particles formed a central core of similar shape to

bed cross-section irrespective of the hold-up. The core size was found to increase,
ﬂllthe boundary of the core to become more sharply defined, as the number fraction
.f;lﬂduue particles was increased.
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There is little experimental evidence to quantify the effect ot parucle shape on
radial segregation, or segregation 1n a granular solid made up of many different

particle sizes, and in the limit, a continuous particle size distribution

A number of authors have proposed quanutative models for granular flow,
mixing and segregation in the cross-section of a cylinder. McCarthy et af [1996]
extended the model of Metcalfe ¢r af [1995], for a slumping bed, by using particle
;;dymmics to model the effect of segregation on rearrangement of granular solids
inside a falling wedge, but no attempt was made to validate the model experimentally
Boateng and Barr [1996, 1997] Boateng [1993] and Khakhar ef al. [1997a, 1997b]
derived Eulerian models for particle mixing in the rolling mode and reported good

quantitative and qualitative agreement with their experimental observations.

The velocity profile across the rolling bed at mid chord has been measured by
Nakagwa ef al,,|1993], using magnetic resonance imaging and by Boateng [1993],
using a fibre optic method. The results of both the authors agree considerably 1t has
been commonly assumed that the velocity profile in the active layer was symmetric
gbout the mid chord. But Boateny [1993] observed that for larger cylinders the
wvelocity profiles become skewed. Henein er a/. [1983 a, b] noted that the active layer
idepth decreased for smaller particles, decreased with increasing bed depth and
increased with the rotational velocity Boateng [1993] found that the proportion of

active layer increased with increasing velocity and decreased with increased cylinder

loading

The mode! of Yang and Farouk [1997] predicted that the active layer

ickness increased for finer particles. This was not consistent with the results of

iHenein ef al. [1983a, 1983b] and could be due to the use of different experimental
ials and/or conditions. Boateng and Barr [1997) studied the effect of the end

 on the active layer velocity and proportion, They showed that near the end piece
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of a cylinder the angle of repose of the material was enhanced and this resulted in a
significantly higher velocities in the active layer at the end piece compared to

velocities in the bulk

Hogg and Fuerstenau [1972] described the mixing in the transverse section of
a rolling bed as a combination of the convective and diffusive mixing mechanisms,
Lehmberg ef af [1977] measured the dynamics of mixing of solids in an experimental
cylinder but did not quantifv the mixing rate. Their experiments involved a 310 mm
cylinder and they mixed 0.80 mm sand, which consisted of a batch of approximately
90% white and 10% black. They used a rotational velocity of 2 rpm and found that

the bed became fully mixed 42 seconds after the rotation was started.

Pershin and Mineav [1989] simulated the mixing in a transverse section of a
rolling bed using a concentric layer model. This model considered mixing when
material moved from one sub layer to the next and only one transaction was allowed
per bed rotation. This model had the obvious drawback of assuming that mixing
depended only on the number of rotations and not on the dimensions of the bed.
Furthermore, this model focused on material moving closer to the center of the bed

such as is the case for segregation.

Woodle and Munro [1993] studied the mixing rate from a statistical point of
view and found the rate of mixing to be constant until the bed became fully mixed.
There was a random fluctuation in this fully mixed value due to random distributions
of the material. They used cylinder loadings of 3% to 15% for 12mm particles and
found that the bed became fully mixed in 17 to 46min.

Boateng and Barr [1996, 1997] and Boateng [1993] devised a model of
mixing and segregation using granular mechanics. The focus of their work was on the

fully segregated bed and heat transfer from the gas phase to the bed, which had
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important implications for calcinng 1n rotary Kilns but was not useful 10 predict the
dynamic mixing behaviour in a rotating cylinder The modelling of both the mixing
rate and the final amount of mixing of solids have been proposed by Van Puyvelde et
al. [2000a,2000b] based on the dynamic data collected from experimental results of

Van Puyvelde et al [1999]

As can be seen from the above review, several models has been proposed in
the literature but each model 1s Imited by 1ts individual experimental conditions
Numerous variables in the models, such as cylinder size, the matenal size and type.
the rotational velocity and the analysis method make it difficult to compare the results
of one model with those of the other This difficulty is further enhanced by the lack of

a full disclosure of experimental conditions.

2.7 Modelling the flow of granular materials

According to Hogue and Newland [1994] the methods to simulate the
behaviour of granular materials may be classified by two approaches, namely
Continuum Mechanics Method (CMM) or Macroscopic Modelling and Discrete

Element Methods (DEM) or Microscopic Modelling
2.7.1 Macroscopic modelling or Continuum theory

Primary chdllenge in granular flow modelling 1s not in setung up the
conservation equations for mass, momentum and energy but in establishing the
stress/strain relationship for the particulate mass as this relationship depends on the
flow regime and vice versa. Davies [1986] has compared the observed behaviour of
granular materials, subjected to shear stress, to other common types of flow behaviour

as shown in Figure 2 4.



31
! A Literature Review

SHEAR
STRESS

Ty T,

~—-—DILATANT PLASTIC
4 ) ---.-...GRANULAR

STRAIN RATE —»

Figure 2.4:  Comparison of granular flow behaviour with other type flows

| (Davies, [1986])
|

The figure 2.4 shows the shear stress as a fraction of a dilation factor A, defined as,

e e (2.5)

where, v is the volume concentration of solids, v is the minimum possible void
|-jﬁwtion that the material can maintain. For granular materials in static condition, the
| particles flow together into a rigid grid, which means that some degree of stress can

be sustained without inducing flow. However as the stress approaches some critical

Fevd, the particies begin to ride up on one another and the grid commences dilation

(Boateng and Barr [1996,1997]). At the critical stress, the dilation, A, reaches a

3
H
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maximum and the material begin to flow  Once this occurs the shear suress shows an
incipient steep decline with increasing strain rate and it 1s this mittal behaviour. which
distinguishes granular flow from that of other flows Beyond a certain rate of stran,
the stress begins to increase again and the relation between the shear suress and the
rate of strain turns non-linear  These (undamental aspects of the tlow behaviour ot
granular materials or bulk solids similar to that in rotary kilns have been reviewed by

Savage [1979].

The mechanisms of momentum transfer and hence stress generation tor granular

flows include the following:

o Static stresses resulting from the rubbing between particles, which is
independent of strain rate.

o Translational stresses resulting from the movement of particles to regions
having different velocity.

o Collisional stresses resulting from inter-particle collision, which result in

transfer of both momentum and kinetic energy.

The relative importance of these three mechanisms will depend on both the
volume concentration of solids within the solids bed. i.e., the dilatancy factor, 4 , and
the rate of strain. The static contribution dominates at high particle concentration and
. low strain rates. In this sitwation. the particles are in close contact and the shear
stresses are of the quasi-static, rate independent Coulomb-type as described in soil
mechanics literature (de Jong [1964), Spencer [1964], Mand! and Luque [1970] and
Roscoe [1970]).

Conversely at low particte concentrations and high strain rates, the mean free

of the particles 1s large compared to panticle diameters and interchange of

icles between adjacent layers moving at different mean transport velocities may
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dominate stress generation. analogous to turbulent viscosity in fluid flow At
moderate particle concentration and high strain rate. collision between particles will
dominate stress generation because in this situation there are rarelv any void spaces of
sufficient size for the interchange of particles over significant distance The casc
pertaining to lIow and moderate particle concentration has been termed as the grain
inertia regime (Bagnold [1954]) and under these conditions the dynamics of the actual

particle collision becomes important

Reviews of continuum methods are widely available in the literature
(Runesson and Nilsson [ 1986], Polderman ef af. [1987], Johnson and Jackson [1987]
Savage and Lun [1988(, Savage [1988], Campbell [1990], Gu er al. [1992]. Adams
and Briscoe [1993], Abu Zaid and Ahmadi [1993]) Khakhar er af, [1997a, 1997b]
analyzed the flow behaviour macroscopically using continuum model by taking

averages across the active layer to obtain average velocity variation along the layer

272 Microscopic modelling or discrete element modelling

The discrete element method (DEM) is based on the Lagrangian approach for
the simulation of the motion of granular material on the microscopic level of
particles. It means that DEM can be used to calculate quantities that are difficult to
obtain experimentally and can be used to improve continuum mechanics method
With the development of powerful computing machines and various numerical
techniques more and more attempts have been made to study granular flows using
discrete element methods (Kenji Yamane ef al., [1995], Chakraborty er al.. [2000],
Rajamani er al., [2000]). The DEM can be divided into three main classes

¢ Statistical Mechanics models
¢ Classical Newtonian dynamics models

e« Hybnd models
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Statisticul Mechanics models: Statistical mechanics models use stochastic
components In particle displacements, for example the Monte Carlo method
(Devillard, [1990), Camp and Allen [1996)), the cellular automata method (Baxstel
and Behringer {1990]) or the random walk approach (Caram and Hong [ 1991))

Monte Carlo method was first introduced into the field of granular materials to
study the size segregation of binary mixtures undergoing vertical vibrations (Rosato
etal, 1987]. But this method has several hmitations, for example, (i) no physical time
wale enters the model since the collision time is assumed to be zero (ii) the normal
restitution coefficient has 10 be zero in order to minimize the potential energy during
each panticle move. 1t is therefore difficult o relate the physical material properties to
the random walk process which might be the reason why this method has not attracted

much attention in the field of granular materials in recent years.

The use of cellular automaton models to study granular materials dates back
to the introduction of the concept of self~orgunized criticalify, where sandpile
avalanche statistics were used (Bak et al., 1987]. In these models, space is discretized
into cells which have the size of the particles and can either be occupied or empty.
The particle dynamics 1s modeled by specifying a set of particle collision rules which
apply when certain conditions are fulfilled, e.g. the local surface angle (slope)
exceeds a threshold value. Theses rules were later refined by deriving them from
experiments to study the outflow rate (Baxter and Behringer, 1990}, stagnation zones
(Baxter and Behringer, 1991] and the segregation process during particle outflow
from two-dimensional hoppers (Fitt and Wilmott, 1992]. But as with most models
working on lattices, the surface angle is mostly given by the topology of the
underlying lattice and only identical particles were studied so far. A direct connectton
of the update time and the physical time is also missing which greatly reduces the

wope of the cellular automaton approach. It has been argued (Baumann, 1997] that
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the discretization of the particle velocities leads to contradictions with experimental

results and to unphysical behaviour

Random walk model by Caram and Hong, [1991] focuses on the overall
geometry of highly packed granular particles through which voids diffuse under the
influence of gravity (Hong, [1993]) It 1s based on a random walk process on a
discrete lattice and was mostly used to study the particle outflow from two-
dimensional hoppers (Caram and Hong. 1992] The model involves many
simplifications and has certain limitations: (i) the void diffusivity which enters the
model is not correlated to any physical or geometrical quantity, (ii) the voids maintain
their integrity as they move upwards whereas they disperse in real granular systems

and (iii) stresses do not appear in the model but play a crucial role

Classical Newtonian dynamics models: Classical Newtonian dynamics models
use equations of particle dynamics derived form Classical Newtonian mechanics for

each particle. These models can be divided into two groups namely;

o Event-driven methods (EDM)
o Time-driven methods (TDM)

The event driven method (EDM) or hard sphere method 1s based on
imstantaneous collisions, which means that the state of the particles is updated only
when the event occurs, i.e, when the particles collide Energy dissipation during
collisions is defined by the coefficient of restitution, which can be set according to
Newton's law of restitution, or Poisson’s hypothesis. However, the principle of
energy conservation may be violated under certain conditions by Newton’s law and
Paisson’s hypotheses (Hogue and Newland [1994]). This method has been used to

sudy simple shear flow of frictional spheres (Lun and Bent, [1994]), one-dimensional
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particle dynamics with energy input (Du et al , 1995] and the collision process i two
dmensions (McNamara and Young, 1996] But for large particle numbers and low
restitution cocfhicient, the system can undergo an infinite number of colhsions
finite tme leading to a kind of clustering termed as inelasiie collapse and this has
been found in one-dimensional (McNamara and Young, 1992] and two-dimensional
systems (McNamara and Young, 1993] (n such cases the evenr driven algonthm

breaks down and requires further retinement to take care of the inelastic collapse.

Time driven methods (TDM) or soft sphere method (pmoneered by Cundall
and Strack [1979]), 1s best suited when the time of collision between real particles 15
larger than the time of the mean free path of the particles. In this case the current state
of the particles at a particular time is updated after a fixed time step, which is smaller
than the smallest time of impacts. The state of the particles is obtained by the time
itegration of the Newton’s equations of motion for the translational and rotational
motion for each particle in the granular medium. The inter-particle forces acting on
the system are of key importance, apart from the external forces like the frictional
force, damping force and the gravitational force. At every time step, the forces and
, momentum acting on each particle ts tracked and the velocities and accelerations are
:.-mumed to be constant during that time step Only the collisions and the contact
forces affect the neighbouring particles. Particles are treated as contacting elastic

bodies which may overlap with each other. Contact forces depend on the overlap

geometry, matenals properties and the dynamics of the particles.

A characteristic feature of the soft sphere model is that they are capable of
handling multiple particle contacts, which is of importance when modelling quasi-
static systems like granular flows in rotating cylinder. Hence this method is chosen
for the present work 1o study the dynamics of granular material motion in a rotating
cylinder. A good review of soft sphere method or discrete element simulation, 1s

presented by Algts Dzingys and Bernhard Peters [200t], Cleary [1998a, 1998b,



A Literature Review 37

1998c, 2000, 2001], Mishra and Rajamani [1992] Ristow [1996] Dury and Ristow
[1998] have used molecular dynamics simulation for simulating granular flows and

presented a good review of this method

Hybrid models combine ideas of statistical mechanics and Classical
Newtonian Dynamics models The particle motion is simulated using hard sphere

approach using pseudo-random coetlicients of restitution for energy dissipation,

28 Experimental work

In recent years experimental techniques such as Positron Emission Topography
(PET), Positron Emission Particle Tracking (PEPT), Magnetic Resonance Imaging
(MRI) and Gamma Ray Tomography (GRT) have been used to study the granular

dynamics in rotating cylinders.
1.8.1 Positron Emission Topography:

The Positron Emission Topography (PET) has now become a widely used
technique in medicine, and was developed at Birmingham University by
Hawkesworth ef al. [1991], Parker er. /. [1993, 1994]. PET is a technique in which,
rdioisotopes that emit positrons are injected into the system under consideration say,
arotating cylinder. Positrons are similar to electrons, but they have a positive charge,
whereas electron has a negative charge. The collision of a positron and an electron in
the system results in the emission of gamma rays, which can be detected and used to
note the location of activities of each particle inside the cylinder. The newer models
of positron emission topography scanners allow for more accurate and fast

performance.
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282 Positron Emission Particle Tracking:

Positron emission particle tracking (PEPT) 15 a technique for following the
motion of a radioactively labeled tracer particle It uses a radio nuchde which decays
by positron ¢mussion and detects the back-to-back#lays produced when a positron
annihilates with an electron. The tracer position is calculated by triangulation from a
small number of back to back ray pairs, to within 2 mm 20 umes per second tor a
slow moving tracer particle, and to within 5 mm 250 times per second for a tracer
moving at speeds greater than 1 m/s Theamys are very penetrating and allows non-

invasive tracking in actual engineering structures

The PEPT technique has been used by a number of authors to investgate
granular flow and mixing in various kinds of processing equipment including (a)
Lodige mixer (Broadbent ef al., [1993]), (b) partially filled horizontal cylinder slowly
rotated about its axis, (Parker er al., [1997]), (c) planetary mixer, consisting of a
vertical cvlinder stirred by a vertical blade, (Hiseman er al , [1997]), (d) ploughshare
mixer, (Jones and Bridgwater [1998]) and (e) honzontal cylinder stirred by a single

flat blade, (Laurent et al [2000]).

28.3 Magnetic Resonance Imaging:

Magmetic Resonance Imaging commencing with the work of Nakagawa ¢ af
(1993], a number of authors have reported the results of Magnetic Resonance
Imaging (MRI) measurements of granular flows. The technique allows non-invasive
measurement of the particle velocity, concentration and velocity fluctuations The
technique works well at all positions in the sample and does not require mechanical

markers and has no preferred orientation of measurement
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284 Gamma Ray Tomography:

In Gamma Ray Tomography, gamma rays or X-rays are scattered back to a
detector array for producing an image Since the X-ray response to scattenng ditters
from that of absorption and transmission. reflected images can reveal details that
shadow imazes miss In addition, retlection mode only requires access to one surface
This can have advantages where the high-density bulk of an object obhiterates all
transmission shadows but a volume of interest 1s near one surtace The gamma rav
tomography system for the measurement of radial voidage consists of a 675
microcurie 137Cs gamma source (chse source of 2 cm diameter), sodium wdide (Nal)
with thallium (T1) activated scintillation detectors (BICRON, S 1n number), a photo
multiplier tube, a preamplifer, a multi-channel (5 channels) analyser, data acquisition
systems (para electronics) and related hardware and software In the multi-channel
counter, each channel generates an amplified energy pulse for a corresponding input
pulse. These amplifed generated pulses lie between the base line energy (/2) and the

base line window energy (£ d/) in window mode operation.
2.9 Conclusion

This Chapter provides a thorough literature survey on the transport
phenomena of the gfanular bed motion in a horizontal rotating cylinder 1iterature on
the axial solid bed movement is surveyed first, followed by a detailed description ot
the different modes of motion of the granular solid bed in the transverse plane The
transition behaviour as predicted by Henein ef ol [1983a, 1983b], Ding ef al. [2002]
and Mellmann [200}] is discussed at length From the discussions it has been
observed that transition behaviour depends mainly on the rotational speed, fill
fraction, particle size and cylinder diameter There is no unified empirical relation of

these variables, which predicts the transition behaviour exactly.
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Literature on particle mixing and segregation during the rolling mode of the
granular solid bed 1s presented next followed by the description of the mechanism off
particle segregation The works of Henein er al. [1983a, 1983b], Nityanand vi af
(1986], Metcalfe er /. [1995] are discussed in detail. 1t has been observed that the
effect of particle shape on radial segregation and the segregation mn a granular solid

made up of manv different particle sizes has not been studied vet.

This is tollowed by the modelling studies related to the flow of uranular
materials both on macroscopic scale and on microscopic scale. Several models have
been proposed in the literature, but each model is vahdated only writh the
corresponding idividual experiments, and has not been validated with other set of

experiments or with other models.

Finally the experimental technigues used to measure the particle positions.
velocities, accelerations etc of granular particles is presented. Hence based on the
literature it has been concluded that a unified model without any empirical relations
of the process variables 1s necessary for granular dynamics in a horizontal rotating
cylinder, to predict the dynamics in a more realistic way and to study the effect of

various process variables like rotational speed, fill fraction etc.



CHAPTER 3

THEORETICAL MODEL:
DISCRETE ELEMENT METHOD

31 Introduction

fn this chapter we introduce the problem and outline our strategy for solving it [t
is clear from the literature review presented in the earlier chapter that the moss
appropriate method 10 model granular motion in rotating cylinder is the Discrete
Element Mcthod or soft sphere method since 1t 1s capable of handling multiple
particle confacts, which is particularly imporiant when modelfing quasi-static systems
like granular tlows in rotating cylinder. Hence the soft sphere method 1s chosen for
the present work to study the dynamics of granular material motion in a rotating

cylinder. This chapter describes the general principles of Discrete Element Method.

The Discrete Element Method (DEM) is based on the Lagrangian approach.
Hence it 15 possible to simulate the motion of granular material at the microscopic
level, which in turn can be used to obtain fundamental informatics that are difficult to
obtain experimentally or through macroscopic modelling. In the discrete element
method, the particle position, orientation, translational and angular velocity are
assumed as independent variables. They are obtained by integrating a system of fully
deterministic classical equations based on Newtonian dynamics for each particle. For
this purpose, e}plicit expressions have to be evaluated for all the forces- acting on and

between the particles.
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Some of the farces between the particles have their origin based on the

deformation experienced by particles when they are in contact with then

peighbouring particles  An overlap area of the particles pressed against each other

generally provides a good approximation as shown in Figure 3.1

Figure 3.1: Elastic contact of two particles as overlap
(Dziugys and Peters, [2001])

This assumption is valid since the deformation is much smaller than the

gticle size. Thus, the contact forces between them depend on the overlap geometry,

g properties of the material and the relative velocity between the particles in the
tact area. Hence in the perfect contact model, it is required to describe the effects
b elasticity, energy loss through internal friction and surface friction and attraction

PAthe contact surface for describing the contact force calculations, (Kohring [1995])
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x

?:z Equations of particle motion

|
The equations of motion for each particle are derived from Newton’s law of

idasical Newtonian dynamics. These include a system of equations for the

!,m;lational motion of center of gravity and rotational motion around the center of

:':W\'“Y for each particle in the granular medium.

“321 Translational motion

Translational motion of the center of gravity of a panticle i can be fully

described by a system of equations (Landau and Lifshitz, [1960))

X ,
m - i =ma, = F 3.1)
)
S (3.2)

where V,,d, and x are vectors of velocity, acceleration and the position of the

ceater of gravity m, of the particle i(i = 1,...N) respectively. N is the total number
of particles in the granular material. Since the motion of particles is considered to be
that of & rigid body, the sum of all forces F, is assumed to act on the center of gravity

of the particle.

’ .
k, iz F}.CO"XHCI + Fi,gravity T F},exlernal (.3)
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where l':_c-nn/m-/ is the summation of direct contact forces between the particle 7and

all other particles that are in contact wath particte

"y

N -\ .

reotlact = = 4y (3 4)
J=l =1

/

where [ 1s a force acting on the contact arca of elastic impacts between the
particles sand /., 1, denotes the number of particles that are in contact with 1 1t

should be noted here that Newton's third taw of motion applies
Fo=-F (35)

In general, contacting forces can also include inter-panticle forces acting between

charged particles. 7, y,p 15 the gravitational force acting on the particle

Fi graviee =M, 2 =V, 0, £ (3 0)

where, V; is the particle volume, p; is the particle density and ¢ denotes the gravity

acoeleration vector.

Fi externai corresponds to the total sum of all the external forces acting on the

e such as the fluid drag forces and fluid lift forces, which are prominent in

phase systems If a particle is charged, then [/, .o/ InCludes the

ternal magnetic field also.
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322 Rotational Motion

Rotational motion of the particle s around the center of gravity can be {ullv

described by the following systems of equations {L.andau and Lifshitz, [1960))

2
)
L0, ()
dt
o, =40 (3 8)
Y o

where the 8, and @, are the vectors of orientation and angular velocity. /, is the
inertial tensor of the particles and is expressed as /; =(/|;,/9,,/3;). The sum of all

torques 7; acting on the particle 7 is given by

I = 7},con{a(:r + Ti‘ﬂuid + fi,e.r!ernal (3.9)

where T,-_ﬂu,-,, denotes the total torque caused by anti-symmetric fluid drag forces,
T, externai denotes the summation of torques caused by other external forces and

T;.w,,mc, is the summation of all the torques caused by the contact forces between

the particles and is expressed as

N N
7;',L‘onlacl = Z];/ = Zda] X Fjj (3. 10_)
Job i j=1 =i

where dc,j is the vector of relative contact positions
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Orientation ¢, angular velocity e, torque 7 and mertia momentum /, of
two-dimensional particles can be treated as scalars  Theretore, the equations of
rotational motion of the particle 7around the center of gravity can be simplitied as

follows

I E!-fi =Jap =1
dt” '
de,
o=
dt

For three-dimensional particles, however, the inertial moment must be
calculated at every time step, according to the new orientation of the particle in the
gpace. Therefore, it 15 convenient to use the space-fixed and body-fixed co-ordinate
gystems. The space-fixed (or laboratory) co-ordinate system is fixed in a laboratory
gpace. The body-fixed (or local) co-ordinate system is a moving Cartesian co-
ordinate system, which is fixed with the particle and whose axes are superposed by

the principal axes of inertia (Algis Dzingys & Bernhard Peters [2001])

The inertial tensor always 1s diagonal /; = (1“,/2,-,]3,-) in a body-fixed co-
ordinate system. For spherical particles, [/}, =/,, = /5, = /;, and body-fixed co-

ordinates can be set in the same direction as space-fixed ones. Therefore, orientation

i8 not used for spheres and the equations of motion can be written as

e =0 | (G.11)
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33 Boundary conditions

The propertics of granutar flow are strongly dependent on the boundary
conditions at the wall (Thampson and Grest, [1991]))  Therefore the boundary
conditions arc very impontant for an adequate simulation ol the granular materal

behaviour. Several types of boundary conditions can be employed.

(a) Walls that may be moving or stationary
(b) Inflow and outflow
(c) Periodic

Walls can be constructed using planes, spheres, cylinders or any other shape axs
big particles or by an array of small particles. In general, boundaries of the svstem
such as walls are required for the motion of granular matenal or parucles within
enclosures, where the watl may have an important influence on the motion of a
granular material due to wall-particle interaction. Furthermore, walls can move and
rotate around a point of rotation. The rotation of wall paniicles. in panicular is
unavoidable in the present study. in which the motion of granular matenal on the

rotating cytinder solely depends on the moving wall.

A rotating cylinder can be constructed by a cylinder or sphere with a negative
ndius. Collisions between particles and walls are defined by the matenal and
geometry of the particles and walls, as in the case of collisions between particles. It is
convenient to construct rough walls by an array of particles (Thompson and Grest,
{1991)).

For the present formulation the following methodology is adapted; the system

ander consideration has been modelled by an ensemble of spheres possessing the
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same material constants as that of the grainy inside the container. The motion of
the wall spheres is not affected by the impacts but is swrictly governed by the
continuous rotation of the cylinder. The caleulation of contact forces between the

particles and wall are defined in the same way as between particles.

34 Particle shape

In three dimensional co-ordinate systems, particles can be represented by
spheres, ellipsoids, super quadrics. polyvhedrons, etc. and for two dimensional co-
ordinate system by disks, ellipses, polygons, polar forms etc and by strings n one
dimensional co-ordinate system. Reviews of various possible shapes of particles and
some aspects of applications of shapes are presented in Hafl [1993] and Ristow
[1996]. 1t 1s not a difficult problem to construct particles of various shapes The
major problem however is to detect the contact between the neighbouring particles
and to calculate the overlap area, intersection and contact points and normal and
tangential contact vectors. For some of the analytical shapes, such as ellipsoids ar
super quadrics, analytical solutions may be found, However, for complicated shapes,

considerable computational effort is needed.

The choice of sphere offers considerable simplification since the center of
gravity of a sphere coincides with the geometrical center and the particle can be
described only by its radius with no need of specifying the orientation (Lubachevsky
[:1991], Lubachevsky e¢f al., [1996], Kornilovsky ef al., [1996], Sadd ¢f af., [1993],
Hoomans e al, (1996], Luding ef @/ [1996], Kumaran [1997]).

This especially applies to molecular dynamics simulations, because it is quiet

to describe an atom as a sphere (Grest ef al., [1989], Gilkman ef al., [1996]).

particle is described only with the radius and no orientation is needed Campbell
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and Brennen [1985] used a disk to simulate three dimensional cylinders oriented i
the same direction and located in the same plane. Hence for the present study, the

particle shape is assumed to be spherical.

35 General Scheme for the contact geometry

Let any two particles rand ; be tn contact with position vectors x, and v,
with center of gravity lying at () and (), having linear velocities v, and v, angular
velocities @; and @, respectively as shown in Figure 3 2. (Algis Dzingys and

Bernhard Peters [2001]).

v

Particle j

Figure 3. 2: Contact between two particles i and |.
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The contact point (', is defined 10 be at the center of the overlap area with the

Jposition vector x,,, The vector x, of the relative position point from the center of

!

-gravity of particle ¢ to that of particle ; is defined asx,, = x, - x,

The depth of overlap is 4, . Unit vector io the normal direction of the contact
surface through the center of the overlap area is denoted by », . It extends from the

jeontact points to the inside of the particle / as n, = -»n

"

The vectors dCU and dq, are directed towards the contact point tfrom the

geaters of particle / and particle / respectively and are represented as

dii=Xgji = X; (3.12)

Since the particle shape is assumed to be spherical, for spheres of any

hﬁnﬂioh the contact parameters can be written as follows:

JRER <Pyl | < R+ R

, (313)
0, | 5| 2 R + R,
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h
dg, = —[R, - z’jnu (3 15)

| where /¢, is the radius of the particle

The relative velocity of the contact point 1s defined as

V,=V. =V (3.16)
where,

vrij =V, +w, x dc»j

Vi =V, @, xdcj,_

are the velocities of particle / and particle ] respectively.
The normal and tangential components of the relative velocities are defined by

and

Veji =V T Vnij (3.18)

In case of contact with partial slip, particles may slip relative to the distance

8y in tangential direction. &, ;; is the integrated slip in tangential direction after

paticles 7and j came into contact and can be defined by the equation, (Algis

Dzingys and Bernhard Peters [2001]).

81j = |[ vy (el (3.19)
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Here o, is allowed fo increase until the tangential force exceeds the fimit
imposed by static friction  "The vector of tangennial displacement 5, is defined 10
be perpendicular to the normal contact direction and located on the same line as v,

If the tangential component of the contact velocity v, ;s not equal to zera, then the
umt vector /, of the tangential contact direction is directed along v, Tt v, s

equal to zero, 1, has the same direction as that of the siip. Otherwise £, is equal to

2810, if vy, and &y, are equal to zero, then

Ve
| '_—'l ’ Yigg * 0
V!
1, =18, 3.20
Y ._’U \,!(. "O\C‘;(I 1-0 ( )
|5 | J J)
(e,
0, otherwise

36 [Inter particle contact forces

j The contact force Fj; of a viscoelastic collision between two particles /and j acts

!

B the conlact surface and is convenient to calculate fj; acting on an imaginary
point CCj;. According to Kohring [1995] a model of inter-particle viscoelastic

o forces has to describe the following four effects:
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¢ Particle elasticity
o Energy loss through internal friction

¢ Attraction on the contact surface

¢ Eneray loss due to surface friction

I, canbe expressed as the sum of normal and tangential components
Fig = Fig + 14 (3.21)

which is in their general form, would be a function of the relative normal () and

tangential (& ij) displacements of contact as well as the relative normal and tangential

velocities, Sadd e/ ol [1993],
Frij = Fuij(hj v ij s 0y ij Vi ij) (3.22)
Fraj = T4, (i Vi i 64 4 Vi) (3 23)

Algis Dziugys and Bernhard Peters [2001] have given a detailed survey of the
various types of contact forces used for discrete element simulation along with their
ments and demerits. For the present theoretical formulation the contact forces
between the spherical particles are modelled as springs, dash-pots and a friction
slider as originally proposed by Cundall and Strack [1979]. The schematic
representation of contact forces adopted for the theoretical formulation using spring,
dash-pot and slider is shown in Figure 3.3 for particle-particle contact and particle-
wall contact. The spring accounts for elastic repulsion, dash-pots express the

damping effect, and friction sliders express the tangential friction force in the
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presence of a normal force. The effect of these mechanical elements on parucle

motion appears through the stitfness &, the damping coetficient 5 and the frichion

coefficient 4

Compressive force Sbear force
(8)
sprisg spring alider
1,
g . kuy T_ i
dash-pot
@ “"‘:P* T
dagh-poe
®)
Mute spring
Koo
desh-pot l“"——l

|

wall

Figure 3.3 : Schematic representation of contact forces
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The normal components of contact forces between particles can be expressed

as the sum of elastic repulston, internal friction and the surface attraction forces

]‘M,l} = }'n,ij‘elaxlic + Fn‘ij,w'sc(.uu' (3 24)

Normal Llastic repulsion force. I, i viasic:  This force is based on the linear

Hooke’s law of a spring with a spring stiffness constant /(,,','/' and is given by the

expression,

/ =k -h (3.25)

‘n,ij,elasne = %n, i

where /y; is the depth of overlap between the contacting particles, %; is the normal

component of the displacement between the particles i and j . The maximum overlap
is dependent on the stiffness coefficient. Typically average overlaps of 0.1-1.0% are

desirable requiring stiffness of the order of 10° - 10" N/m (Cleary, 2000)

Normal energy dissipation force F ‘n.zj,vi.rcous : Energy is dissipated during

real collisions between particles and, in general, it depends on the history of impact.
A very simple and popular model is based on the linear dependency of force on the

relative velocity of the particles at the contact point with a constant normal

dissipation coefficient ¥, and is expressed as

(3.26)

Fn.ij,v}scom' = TV nMijVn ij
where m, is the effective mass of the contacting particles jand j and is given by

mm,
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The tangenvial component force model is morc complicated due to the
consideration of static and dynamic frictional forces. Moreover these {orces depend
on the normal force and normal displacement Further the model for static friction
must include energy dissipation, because perpetual oscillations in tangential direction
wiil be obtained during the time of static friction. In the lilerature two major
approaches can be found to represent tangential contact forces namely. global and
complex models. Global models describe all the phenomena of the tangential force
through a single expression. Complex models describe static and dynamic friction by
separate equations and the Coulomb criteria.  Of course, the continuous paniclé
interaction models: require special models for tangential forces. The present
theoretical formulation is based on the complex model approach where the evolution

of tangential force F;;; being divided into parts of static friction or dynamic friction.
When the tangential force F;;; is larger than the Coulomb-type cut-off limit,
dynamic friction predominates. When [ ;; is lower than the limit, the modef of

static friction force /-, yaic mMust be implemented. Such an approach can be

modelied by

!

- [N | -
‘1, slatic  TOF :Pl,ij‘smtici < —"l‘lj.dynamic% (327)

Py =1, for |7, >|F, |
t.if ;dynamc 10T} {,ij..\-m{ic|~| 1,ij, dvwnamic

_of, in a more convenient form for programming purposes, by
Ft,y =" lu minﬂF{,ij,slancs»Jf"l,y'.dvnamic]) (3.28)

where ;7 is the unit vector of the tangential direction of the contact point.
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The dynamic frictional force can be described by the following equation,

[-‘"‘,.j'{ 1,,, (3-29)

l't A, dvmmannc =~M

where u is the dynamic friction coefficient

The static friction force is composed of contributions from both the tangential spring

and energy disstpation terms and they are expressed as

Fi i static = F1ij apring * Frij dissipation (3.30)
where the tangential spring force 1s defined as

Fiijspring = k56,515, (3.31)

Here, &, is the spring stiffness coefficient and &, ,;is the integrated slip in

ngemial direction after the particles i and j come into contact.

Friction model for energy dissipation in the tangential direction can be used in

the energy disstpation in normal direction,

F\j dissipation = ~¥ (M Vy ji (3.32)

where 7, is the shear dissipation coefficient and mj; the effective mass of the

‘contacting particles.
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Based, on the above description of the general formulation of the discrete
element methbd the governing equations for the motion of granular material inside a

rotating cylinder can be summarized as follows;

3

m, —{—f'— =ma, =1 (3.33)
dx;

vi= (3.34)
|
2

ace;

I, —L=T, _ (3.35)

) d{iz r
d0; ,

Wi =“‘—1‘,— (3.36)

Here

Fi=mg+Fi contact

N
=mg+ Y Fy
j=lj=i

N .
=mg+ 3 (Fay +Fiy)
=1

j:
J#l
N N
=lmg+ ¥ Fy i+ X Fjj (3.37)
| j=1 j=1
j#l j#l

pod

— ’I
Ti - lz;,conracl

N
=|Z ];J

J=1 j=i
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N
= Y s
T dey Ty (3.38)
J=ly =

where dt',/-ls the vector pointing from the center of gravity of particle J to the contact

point with particle .

[n the next section the procedure for solving these equations is presented

37 Time integration:

Various time integration schemes c¢an be used to solve the equations. The main

requirements for a good scheme are given below:

o It should be stable

ot should satisfy the required accuracy

o It preferably should satisfy energy and momentum conservation

o It should not require excessive memory

o Time consuming calculation of inter-particle forces should be carried to the

minimum possible extent-ideally once per time step, A/

Some of the most popular schemes used 1n DEM by various authors include, first

order Eulec’s scheme, Fourth-order Runge Kutta method (Ovensen et al., [1996]),

Allea and Tildseley, [1987], Shida et al., [1997)), velocity verlet scheme (Aoki and

i I o O MY L L

orrh suheme Sindnramy nnd CColling [12026]) arvd prcdlc( O r—Cisrrectar SO NIeS
PP I TR N

f Axce, J 1422 )). T h o mugsaan g Csvrasr [ F2l ) e

.".Hcrn)anl 11993 ))>
1
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s (3 38)

A
Loy ey
| ) 7:

1

where ;) 15 the vector pomting from the center of gravity of particle 1 to the contact

point with parucle
In the next section the procedure for solving these equations 1s presented

37 Time integration:

Various time integration schemes can be used to solve the equations The main

requirements for a good scheme are given below

¢ 1t should be stable

o lt should satisfy the required accuracy

o It preferably should satisfy energy and momentum conservation

» [t should not require excessive memory

o Time consuming calculation of inter-particle forces should be carried to the

minimum possible extent-ideally once per time step, Ar

Some of the most popular schemes used in DEM by various authors include, firsi
order Euler’s scheme, Fourth-order Runge Kutta method (Ovensen ¢t al., [1996]
Allen and Tildseley, [1987], Shida ef al., [1997]), velocity verlet scheme (Aoki and
Akiyama [1995], Kopf ¢f «f.. {1997). Satoh {1995a, 1995b]), second order Adams-
Bashforth scheme (Sundaram and Collins [1996]) and predictor-corrector schemes
(Newmark and Asce, |1959]), Thompson and Grest [1991}, Form er al. [1993]. Lee
and Hermann [1993)).
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Van Gunsteren and Berendsen (1977] compared the Gear predictor-corrector,
#lunge-Kulta and verlet schemes for macromolecular simufations and concluded that
bcar scheme 13 the best for small time steps and verlet algorithm for larzer tme steps
Hence the § order Gear predictor-corrector scheme (Allen and Tildseley, [1987)) is

ksed in this ywork (o solve the equations, which is stable for second-order differcntial

tquations witlt global truncation error of O (Aqu '2): ()(AI"—] )
3.7.1  Gear’s Predictor-Corrector Algorithm

Generally predictor-corrector methods are composed of three steps, namely;

Q) Prediction
(1) Evaluation

(m)  Correction

Using the current particle position x(r) and particle velocity v(r), the new particle

position and new particle velocity is updated using the following steps:

3) Predict the particle position x(/ + Af) and particle velocity v(/+ Ar)at the

end of each iteration
b) Evaluate the forces at / + Arusing the predicted position
¢) Correct the predicted values using some combination of the predicted and

previous values of the particle position and particle velocity

In fifth order Gear predictor-corrector algorithm the particle positions x, at

time/ + Af was predicted using a fifth~order Taylor series based on particle positions
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| and their derivatives at time The derivatives x, (1), ¥ (1), ¥ (1), x,"" (r)and
x"'(1) are also predicted at each time 1 + Ar by applying Taylor expansions at 7
(ar)’

X,(’ + A/) = x,(/)"’ Y, (’)AI +,.\T., (/) +X,(f) (A’) + x’“”(/) (A_t_) +X"")(’)(_é’_)

i E} 4 s
.%, (’ 4 A’) — .f' (’) + f’ (’)A’ + x' (’) (_Aé)_._ + x,(v\.)([) ([};t)— + X‘(")(I) (A—;T)_

£,(1+ Ay = %, (1) + X, (AL + %[ ('>%)" X (A;_)-*

2
X, (14 A1) = X, (1) + X (DA + X7 (1) ‘@2".)‘“

x U+ AN = x™ () + xV (DAL
O+ an = xM ()

Then the inter particle forces acting on each particle at time 7 + Aris evaluated
using the predicted particle positions. Applying the obtained evaluated forces at time

t+A and Newton’s second law, the particle accelerations ¥ (f+ Af)can be

determined. The difference between the predicted accelerations and evaluated

sccelerations ig then computed;

A = 30+ A1) - &7 (1 + A1)
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The predicted particle positions and their derivatives are corrected using the

\difference A¥  obtained hetween the predicted accelerations and that given by the

evaluated force.

In the Gear's Predictor Corrector algorithm, this difference term is used to
correct all the predicted particle positions and their derivatives. The correction terms

tre given by,
x; = xl + a,AR,
A, LP
AL = x) A+ a)AR,

GO A V)
2 2 27

xL(AIP = x_,f(Al_)] + aAR
3 3 o

KGY) i ()P 4

AL ; At

_.'__('_ _).4 = i’ — (_)_ + a4AR2
4t 4

L GO ) R
s sl ST

where,
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AY (A1)

Ak,
- 71

Values of parameters «, (Allen and Tildseley, [1987]) for second order

differential equations of predicting order ¢ are presented in table 3 |

Table 3.1 : Values of the parameter g,

a; 1 ¢=3 ¢ =4 g =__T
a 1 19 3
6 120 l6
a, ! 5 3 251
6 4 360
az 1 ] |
]
g l— 8 |
a, ‘ . 18 :
a, ) : |
12 <
a, ] l
60

The parameter @, promotes numerical stability of the algorithm.  The solution of

eguations (3.33) to (3.36) was carried out by a 5* order Gear Predictor-Corrector
xheme (Allen and Tildseley, [1987]). The time step Af of the integration was chosen
such that the entire contact between the particles was resolved within 10 time steps at

least
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The time step Ar | for the time integration of the particle position, velocity.

orientation and angular velocity depends on the time of contact 7, which can be

expressed as

'm
="
© Nk

which is estunated based on the single degree of freedom system of mass m
connected to the ground by a spring of stiffness k. Hence the time step must be
sufficiently small to ensure a stable numerical scheme of time integration and Cundall

and Strack [1979] proposed that the time step must be smaller than the critical time
step AT, = \[ng
k

38 Collision detection

One of the most difficult barriers concerning the DEM simulation is the
enormous number of particles, which represents the actual system, due to the reason
that as the number of particles increases, the computational time also increases. This
problem is inherent in contact-dominated flows. For real life systems, the particle
pumber is usually very large compared to any small-scale models. Therefore, in
-order to make the simulation technique a really practical notion, Tsuji, er. a/., [1993]
é'presented a method where a group of particles where replaced with one big ball and
.ﬂlculated the contact forces only for these balls. He also found similarity laws

 between cases of large number and small number of particles.

Agrawala ef a/.,[1997] implemented a computational scheme termed “boxing”

@mduce the number of particles that have to be tested for potential contact with each
it

}
|
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ety To do su. the entire space was divided into small boxes, and a set ol pomters
was used to store all the pacticles inside each box in a linked list called a contact hist

Hence, tests for potential contacts are done only between particles in the same or in

neighbouring boxes

In this seork, we have adapted a methodology to reduce the computational
time by calculating a neighbour list for each particle i. The particle i is said 10 be
the neighbour hist of particle j, if the distance D between the centers of particles i

and j, is less than 2.5 times the larger particle diameter. i.e., if > < 2.5 dp.

Two panicles 7and ; are said to be in contact if the distance between their

centers is less than or equal to the sum of the radii. Hence the particles that are in
contact with particle i is determined by checking this criteria with the particles in the

meigbour list of particle / only This procedure reduces lot of computational time

nin-1)

since simulation of n interacting particles using DEM involves = pair of

contacts.
39 Input parameters

The input parameters needed to run the simulations can be divided into three
poups viz.

¢ Geometrical data of the system under investigation

¢ The particle physical parameters

¢ The outputs required

The geometrical parameters of the system under study for the present simulation

bthe diameter, length, fill fraction and rotational speed of the cylinder The
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position of the cylinder wall is also defined by a set of particles with respect to a

global coordinate system.

The particle physical properties are specified by their size distribution, density,

stiffness parameters and damping parameters.

The outputs required depends on the type of information required such as the
positions and velocities of the particle at different time intervals, the trajectories of a
set of sample particles, the variation of normal, tangential forces and kinetic energy of

the whole system with respect to time.
3.10 Implementation of the code

The major computational tasks of DEM at each time step can be summarized as

Jollows:

o Finding the neighbour list for each particle
¢ Detection of contacts between a particle / and its neighbours

o Computation of contact forces from relative displacement between particles
¢ Summation of contact forces to determine the total unbalanced force

¢ Computation of acceleration from force
¢ Velocity and displacement by integrating the acceleration

¢ Updating the position of particles

Based on the theoretical formulation presented above, a software code called

CYL was written in Visual Fortran (version 6.6). which simulates the dynamics
£ granular material motion in a rotating cylinder. Visual Fortran is chosen as a

ming language for the following reasons
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o It is the most powerful structured programming language for scientific
simulation

! o Improved flexibility like dynamic array concept, linking routines etc

The program currently runs on a Pentium IV machine with 256 MB RAM and

Windows 2000 operating system. The maximum number of particles that can be used
for this system is around 4000 since for each particle, the number of variables that has
sllored 1s 12 and hence the array size becomes Number of particles X 12 and this

Wisy size has an significant effect on the program run time.

| The program starts by reading all the input variables, and depending on the fill
action and size distribution the number of particles is determined for each size
e 1t 1s very difficult 1o generate a packed bed with a velocity distribution, the
- g methodology was adapted to generate the initial packed bed. First the

es are placed in an orthogonal grid and are assigned random initial velocities.

This data is stored as the initial configuration of the packed bed of particles
g with the initial velocity distribution of particles. The cylinder wall is then
ed to rotate with a specified angular velocity and the program performs the

Wputation at each time step. The program stores the position, velocity and force
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information for al) the particles and hence an enormous amount of memory is needed

which increases tremepdously with the increase in the number of particles.

The corresponding flow chars are given in Figures 3 4 and 3 5 The flow chan
it Figure 3.4 shows the algorithm used for generating the initial packed bed and
Figure 3.5 represents the flow chart showing the algorithm used tor updating the
particle position at every time step, after updating the neighbour list - The total force
acting on each particle is calculated using the equations 3.37 Then the particle
pusitions are updated using Gear predictor algorithm. The whole procedure is

repeated 111l the required amount of time or till the system reaches steady state

Once the pragram receives the stop signal, it stores the position, the velocity,
acceleration, the neighbour list, kinetic energy of each particle at that instant of time
as a separate file called “redata”. A flag has been set in the “restart” option program
Once the program is restarted, depending on the value of the flag, the program etther

reads from the redata file or start from the inital distribution.

The code also has a provision to be stopped at intermediate values and it can

be automatically restarted using the following procedure.
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'
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' Figure 3.4:

Flow chart showing the initial distribution ot solid particles as a packed
bed
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\‘ Updating the neighbour list (at (= 1(;) —&

r —

‘ Does the particle contact with other paniclcsj

Yes No

| Calculate the particle-particle contact force

Does the particle contact with wali

Repeat for all

particles
Yes No

Calculate the particle-wall contact force

J

______% Calculation of external forces acting on the particle

y

F‘u[culate particle velocity and acceleration

y
LCalculaiion of particle position at time ¢ + Af

Figure 3.5: Flow chart showing the calculation of particle positions at time ! + Ar
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311 Special Validation tests

There are two fundamental aspects to test the accuracy and predictability ot a
program model First, the program must accomplish what is spectfied in the model
and secondly how dccurately the prediction of the model is validated with data from
experiments  In order to decrease the chances of error, it is necessary to check the

program using different types of validation tests [Asmar ¢/ ul., (2002)] as follows

()  Large runs to inspect the overall running of the program

(1).  Manual calculations to check small test runs
(i) Special cases to inspect the implementation of individual program
(iv)  Inspection of graphical output for the above to see if it looks sensible
(v).  Inspection by an independent assessor

(vi).  Use of specialist software for testing code against specifications.

DEMCYL was tested based on some of the above-mentioned strategies. Since
the contact forces calculations are crucial for any DEM simulation some special tests

are conducted to test the validity of the software code developed for this purpose.
3111 Effect of normal elastic force in the vertical direction (Test 1)

This test simulates the free falling particle under gravity and also tests the
particle-wall contact force. For this test, parameters corresponding to the tangential
and damping forces are set zero and the effect of normal elastic force alone is studied
This test also confirms the particle-particle interaction since the wall is represented as
aset of particles. The diameter of the particle is 6 cm and the dropping height chosen
is $ cm and the density of the particle is 1300 kg/m’. The value of the normal

stiffness parameter is 5x10° unjts. The particle is dropped from the same height
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hithing the wall/particle, and the particle rebounds to its original height and the normal

elastic force reaches a peak during contact as shown in Figures 3.6 and 3.7

T
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Figure 3.6 : y-position vs time
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Figure 3. 7: Normal elastic force vs time

3.11.2 Effect of normal elastic force in the horizontal direction
(Test2)

This test 1s identical to testl but with one particle moving in the horizontal
direction with initial velocity in x-direction. The gravitational, tangential and normal
i damping forces are set at zero. The parameters chosen are same as in test 1 and the
| mitial velocity of the particle is taken as | m/s. Figure 3.8 shows the results for a
. particle with imtial velocit)') in the x-direction. As can be seen, the particle rebounds

korizontally between the walls with no loss of energy. There is no movement in the y-

zdirections and no rotation.
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o
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Figure 3.8:
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3.11.3 Effect of normal damping force (Test 3)

74

This test ts also similar to test 1 but with the normal damping force accounted

for. The normal damping constant is taken as 100 s™. Figures 3.9 and 3.10 shows the
effect of damping on the motion of the particle. The particle fails to reach the onginal

height and its height decays due to damping effect. Also it can be seen form Figures

the decline in the normal elastic force and damping force at consecutive contacts.

There 1s no movement in the x-z directions and there is no rotation.
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Figure 3.9:  Y-position vs time

Further tests were also carried out to check the validity of tangential forces

and the results are found to be in agreement with the expected outputs.

3.12 Conclusion

Since sofl sphere approach is found to be the most appropriate method for
modelling quasi-static systems like granular flows in rotating cylinder, the theoretical

mode} based on Discrete Element Method (soft sphere approach) is presented in this



-
Theorctical Model: Discrete Elemernt Method 0

Chapter for simulating the dynamics of granular bed motion in the transverse plane of

the horizontal rotating cylinder

After introducing the general concepts of DEM, appropriate governing
equations for the present system is presented along with the corresponding
expressions for the normal and 1angential contact forces. A strategy for finding the
neighbour list and collision partners is explained This is followed by the flow chart
of the software code DEMCYL. Finally special validation tests have been carried 1o
check the vahdity of the code developed Hence the software code is tested for its
accuracy and bugs and then results are generated for the dynamics of particle motion

in a rotating cylinder. These results are presented in the next chapte.



CHAPTER 4

DYNAMICS OF GRANULAR SOLIDS MOTION
IN THE TRANSVERSE PLANE OF ROTATING
CYLINDER

4,1 Introduction

The motion of a bed of granular solids in the transverse plane of a rotating
cylinder can exhibit a series of motions (Heneio e/ al.,}1983a)). namely. slipping.
slumping. rolling. cascading, cataracting and centrifuging which have been
explained in defail in Chapter 2, The slipping, slumping and rolling modes of bed
motion have been investigated experimentally by a number of authors, including
Henem ef ol {1983a] and McTait [1998]. The transition from siumping to the
rolling mode of bed motion was found (0 occur at a rotational Froude number
between 107 and 107 by Henein er al [1983a) and between 10~ and 10 by
McTait | 1998).

The specific mode of bed motion was also found to be uniquely
determined by (i) the hold-up as a fraction of the cylinder volume, (i) the rotation
speed, (in) the cvlinder diameter, and (1v) the particle size and shape. It was found
that the transition from a slumping to a rolling bed occurred at a lower rotational
Froude number for (3) a higher fractional hold-up, (ii) particles having a spherical
shape rather than an irregular shape, (1ii) smaller particles, (iv) cylinders with
larger diameter, and (v) granular solids with a lower stalic angle of repose. In a
slumping bed. it was observed that the granular matenals is lifted as a rigid body
by the cylinder wall such that the inclination of the bed surface increases
continuously until it reaches an upper angle of repose; then detaches from the
upper surface of the bed, and falls as a discrete avalanche toward the lower half of
the bed.
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It can be observed from the hterature that the work carmied vut by vasons
mvestigators are mamly at a macroscopte level and further they have mterpreted
the process through empinical parameters derived from experiments No affention
hay been paid to the effect of the dynamic behaviour of the granular solidy due
to sirfuce flow of granular solids, the effect of transient forces such as collision
Jorces acting on the particles, the total kinetic energy of the system, particle
velocities ere. Thexe factors are crucial o generate a reliuble maodel based on

first principles for the purpose of design with negligible empirical input

In this chapter we use Discrete Element Method to obtan the relevant
dynamic information on motion of granular sohds subjected (o rotatonal
movement based on discrete element ssmulation. Even though the software code
DEMCYL is capable of solving three-dimensional motion of granular solids in a
rotating cylinder, results in this chapter are aimed for a 2-dimensional situation
viy, the simulation of granular solids in the transverse plane of the rotating
evlinder.  Since this approach provides adequate interpretation of the procesy
without requiring unjustified computer time, We have restricted our analysis to
2dimensional, yince this would be adequate to gain enough information about

the process while also reducing the computer time considerably.

The dynamic information sought for includes the individual particle
velocities, their trajectories, surface flow velocities. velocily vector plots. total
kinetic energy and dvnamic angle of repose.  The (wo important process
parameters considered in this chapter are fill fraction and rotational speed The
transition from slumping-rolling behaviour has been explammed based on bed
wmover 1ime. The effect of the coefficient of friction on dynamic angle of repose.

active laver depth as a function of rotational speed and fill fraction are also

discussed.
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4.2 Simulation of a packed bed of granular solids as an
initial condition

The transverse plane of a honizontal evlinder is a aircle. This is represented
as a set of sphericaf pacticles al a distance equal to the cvhinder radws from the
ongin of the Cartestan coordtnate svstem chosen The origin of the coordinate

svstem 15 at the center of the circle as shown in Figure 4.1

Figured.1  Coordinate system chosen for simulation

The wnitial condition, 1 = 0 of granular solids in the transverse plane of the
rotating cylinder is assumed to be a packed bed of granular solids. Since the inital
conditions of granular pacticles in a packed bed cannot be specified a priori. the

caleulations were carnied out at two stages. Given the fill fraction, particle sizes
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and (hetr distribution. the number of parucles for each size range was deterpuned

using equation (4.1)

4 <
Pty = /\v1,4‘) (4 1)
frd/,(i)"

where /w, is the percentage of (raction of the particles of stze o (1} and A s

the cross sectional area of the bed. An orthogona!l grid is then generated with the
size of the gnd equal (o the diameter of the largest particle and the particles are
placed at the center of these grids so (hat they don’t overlap over each olher
Untform sized particles are given a particular colour.  Figure 4.2 shows one such

intial distribution generated for two different sized particles at equal number

concentcalions.

Figure 4.2: Initial Distribution of the particles

The iniial velocities of individual particles were chosen randomly and the
force of gravity is allowed 10 act on each particle. The time step was chosen
according 10 the stability criteria explained in Chapter 3. Initially the particles fall

under gravity since there s no contact force, but afier some time the corrtact forces
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also come mto play The bordering shape of the rotating cyvtinder, which first stops
the pure vertica) motion and secondly causes the particles 1o interact with each
other. timils the motion of the particles. The total kinetic energy of the sysiem is

calculated as follows:

N
L& 2
Kt = 5 Zm;vi (4 2)
=1

ahere m, 1s the mass, v;is the velocity and Np is the total number of particles in

the svstem. The simulation was continued till al) the particles came to rest: that is
until the total kinetic energy of the system becomes negligible as shown in Figures
43 (a) and (b). The location and linear and rolational velocities of particles at this

stage are chosen as the initial conditions for the next stage of simulation,

Figure 4.3(a): Iniual Packed bed
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Figure 4.3(b): Total kinetic energy with respect to time
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4.3 Simulation of granular solids in the transverse plane
of the rotating cylinder

Starting with the inttial conditions explained in Section 4.2 the cvlhinder
wall 18 allowed to rotate at a specified rotational velocity. Varous simulation

parameters used in thys work are summarized in Table 1.

Table 4.1: Process parameters

L Parameter ' Values [
Rdwm  ismisiot|
| Rotational speed (rpm) f 1-80

Particle radius (mm) ' 5-10

Particle density kg/m’ | 1300

Fill fraction (%) i 10% - 30%

Number of particles | 500-3000

Normal spring constant (Pa) { 5.0et+05

Normal energy dissipation coefficient s [ 100

Tangential energy dissipation coefficient (s') { 20

Coefficient of Friction () [0.1-1.0

; L —_—

The spherical solid particles r;:presenting the wall of the cylinder undergo
only rotational mwotion, and these particles contribute only 10 the contact force
calculations of the particles in the solid bed. When the cyhinder rotates. the
particles in the solid bed undergo collisions with other granular particles as well as
with the cylinder wall resulting in translational and rotational mouon. The

following parameters are obtained from the simulation results.

4.3.1 Dynamic angle of repose

The included angle made by the upper surface of the granular solid bed
with the horizontal line of a rotating cylinder is defined as the dynamic angle of
repose Hence from the simulation data, the maximum and mnimum values of x-

posttion of the particles are found and a line is drawn joining these two poinls as
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shown in Figure 4 4 The dynanuc angle of repose @ | can be then oblained as the
angle that this ine makes with the x-axis by emploving the following eguation

s =,

lan® - (4 3)

1+ mm,

where m .m, are the slopes of the respective lines

2.0

220 e gy
-20 1% 10 05 00 05 10 15 20

Figure 44  Dynamic angle of repose

4.3.2 Velocity profiles

The velocity profile of the particles at any instani is best exhibited by a
vector plot indicating the magnitude and the direction of the velocities of the
particles by small directed line segments. The x, y coordinates of the all the

particles in the granular bed at time 7and ¢ + Ar are stored in two different files.
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The graphics software QRIGIN 6.0 was used (o draw the velocity vector plot
using XYXY option, where the extreme X and Y columns determine the XV
coordinate of the tail of the vector and the inner set of X and Y columns determineg
XY coordinate of the head of the vector. One such tvpical profile 1s shown in

Figure 4.5

-20 = T T_Lr"_'ﬁ y 3 ] T
20 15 -10 05 00 0.5 1.0 1.5 20

X

Figure 4.5: A typical vector plot

4.3.3 Surface velocity of the granular bed

The entire transverse plane of the rotating cylinder was divided into
segments as shown in Figure 4.6, The average velocity for each sector was

" calculated as
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= L3
vV i

Koy

(4 4)

whese vy, Vy, are the x and v component of the velocies of the individual

granular parucles tnside each sector. The surface sectors are then tdentified and

the velocities corresponding to these sectors are fixed as the surface velocities.

15 1.0

Figure 4.6

4.3.4 Active layer depth

T r T
0.5

00

v

[o)

Ty

10

—T
15

Discretizauon of the cross section into segments

According to Henein et al {1983a), the rolling bed is characterized by two

regions; the non-shearing plug flow region and the shearing active layer of

particles cascading down the top surface. In the plug flow region, the particles

rolate as a rigid bodv with a velocity, which varies linearly with distance from the
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center of the cylinder. At the region near the {ree surface, particles cascade down
due to rapid collisions and gravity. The demarcation between these two regions is
a slagnation plane where particles are momentartly stationany before reversing the
direction. Such demarcation 1s clearly shown in Figure 4.5 From the veloaty
profile plot the active faver 1s approximated as an area where the particles cascade
down along the free surface and this 1s shown by the veloaity vectors accelerating

downwards

4.3.5 Evolution of kinetic energy of the system with respect to
time

The amount of energy dissipated durning collisions between particle-
particle and particle-wall interactions plays a prominent role in characterizing the
dynamics of granular mouion. Dissipation of energy atiributed 1o the parucle
distnbutions and velocity distnibutions include kinetic energy, potential energy
etc. Since the kinetic energy plays an important role, a book keeping was carried
out Lo store the fluctuations of kinetic energy as defined by equation 4.2, At every
instant of ume the kinetic energy was calculated for each paricle and was
averaged out with the total number of particles to get the total kinetic energy of

the granular solid bed duning the rotational motion of the cylinder

4.4 Simulation of the various modes of the granular
solid bed

Emploving the procedures described in the previous sections. we simulated
the dynamics of granular material motion with the diameter of the rotating
cylinder set to 1.5 m  Results have generated for mono sized spherical particles
having diameters 6 mm assumuing an initial fill fraction of 20 % at various
rotational speeds. Figures 4 7(a) to 4.7 (e) depict the six differemt modes of

motion, namely slipping. slumping, rolling, cascading, cataracting and
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K&

centrfuging which were obtaingd through sumulaton by vanying the rolatonal

vehooty of the rotating cvhinder along with their corresponding velocity profiles.

(a) (b)

(g) (N

Figure 4.7:  Six diffsrent modes of motion obtained through DEM simulation
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4.4.1 Slipping mode

Figures 48 (a) and (b) show the profile of granular solid bed and the
corresponding velocity profile when the rotational velocity of the cylinder was
maintained at 4 rpm These plots were obtained after the cvlinder had undergone
}0 rotations while reaching the steady state 1t can be clearly seen from the
velocity profile that. the granular solid bed remains nearly stationary as evidenced
by a look of movement of parucles. The fact that the particles were almost
stationary was also verified through the Figure 4.8 (a) where 1t is clearly visible
that mixing of particles was absent and the solid bed was equivalent 1o a packed
bed at an elevated position. This mode of granular solids motion was further
confirmed by plotting the dvnamic angle of repose and the total kinetic energv of
the granular solid bed with respect to time as shown in Figure 4.8(c) and Figure
4.8(d)

Figure 4.8(a):  Granular bed in slipping mode
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The velocity profile in slipping mode

]
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e of repose of the granular solid bed at 4 rpm

Figure 4.8(¢c) : Dynamic mé

»
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Figure 4.8 (d): Kinetic energy of the granular solid bed a1 4 rpm
4.4.2 Slumping mode

As the rotational velocity of the cylinder was increased further. the
slumping of the granular bed commences. For most of the ume, the entire
granular bed rotates at the same rotational velocitly, thus undergoing solid body
rotation. Further an avalanche is triggered when the bed surface reaches the static
angle of repose ®, . During the avalanche, material from the upper part of the bed
surface slides rapidly down. At the end of avalanche period the bed surface was

inclined at a lesser angle®y called the dvnamic angle of repose. Solid body

rotation of the whole bed ensues, until the surface inclination again reaches the

angle ©¢ when avalanching occurs and the cycle is repeated Davidson el af

{2000) has given the following relationship for characterizing the stumping cycle

time:
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- . ((').\‘ _G)d)”

. 4 7)
b 180w

where ‘), 18 the avalanche time. 7, s the total cycle time and @ is the rotational

R
velocity of the cylinder The schematic view of one slumping cvcle 15 showr in

the Figure 4.9 (1) to 4.9 (¢).

s
23 /

'y

Figure:4.9 :  Cyclic slumping or avalanching
(a) Initial stage of a slump al an angle 8,
(b) Final stage of a slump at an angle 6 and
(¢) Initial slage of the next slump at an angle at 8

Figure 4.9(d): The granular solid bed profile at the beginning of avalanching
in slumping mode
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It has been shown by Henein (1983a) that the sfumping (requency fs
dependent on the rotauonal speed. panicle size and covlinder diameter.  The
slumping mode of the granular solid bed motion is showr in Figures 4.9 (d) where
the rotational velocity of the cylinder is kept at 10 rpm Figure 4,10 (a) and
4 10(b) shows the velocity profile of the granular sohid bed at the beginming of
avalanching of the surlace particies and the end of the avalanching of the particles

respectively. in the stumping mode.

Figure 4.10(a):  Vector plot of the granular solid bed during sclid body rotation
in slumping mode
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* Figure 4.10 (b) Vector plot of the granular solid bed at the beginning of
avalanching in slumping mode

The trajectory of a single particle in the slumping mode is shown 1n figure
410 (c), which shows that. the particles will have much movement The
corresponding  kinetic ‘energy distribution and the dynamic angle of repose
variation are shown in Figures 4.10 (d) and 4.10(e). The angles®  and © ,are
found (o be approximately 17.5° and 15.1° and the avalanching duration is found
to be around 3s and the predicted cycle time based on equation (4.7) tums ou( (o
be 3.3s which aglrem with the predicted value of 4s given by Davidson e al (2000)

for the same process parameters.
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Figure 4.10(c): Trajectory ol a single particle in slumping mode
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Figure 4.10(d):
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Figure 4.10(e): Dynamic angle of repose with respect to time during sfumping
mode.
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4.4.3 Rojling mode

Ast

he rolational speed of the cvlinder increases further. a transition 10 the

rolling mode takes place. This type of molion is characierized by a uniform static

flow of a p4

(plug flow

rticle layer on the surface (active layer) while the larger part of the bed
region) is transported upwards by solid body rotation with the

rdiational s';:eed of the wall. The bed surface is nearly level. This type of motion

efables good intermixing and hence this mode has been investigated extensively
in the literal Lre,

Figure 4.11 (a):  Velocity profile of the rolling bed



. Eh
Dynamics of Crranular Solids Motion

Figure 4 11 (aj depicts the velocty profile of the granular sold bed alter
10 rotations. with the rotational speed of the cvlinder set at 15 rpm The acuive
laver is clearly visible in the picture A small stagnation zone can also be observed

and the bulk of the granular solids move with the cylinder wall

Figure 4.11(b) shows the profile of the granular solid bed afier 10 rotations
and as can be observed significant intermixing of particles has occurred. Figure
4.11(c) shows the kinetic energy distribution and Figure 4.11(d) depicts the
variation of dynamic angle of repose  The trajectory ol a single particle shown in

figure 4. 11 (e). descnbes the path of the particle in the rolling mode.

Figure 4.11 (b): Granular solid bed during rolling mode
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Figure 4,11 (c¢):  Kinetic energy distribution
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Figure 4.11(d): Dvnamic angle of repose with respect to time.
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Figure 4.11 (e) : Trajectory of a single parucle in rolling mode.

4.4.4 Cascading

As the rotational speed further increases, the bed surface begins to arch
and cascading sets in. The granular solid bed 1s almost kidney shaped and the
height of the arch of the kidney-shaped bed increases with increasing rotational
speed. The results obtained from the simulation data when the rotating speed of
the cylinder is increased to 30 rpm is shown in Figures 4.12 (a). The
corresponding trajectory of a single particle, vector plot, kinetic energy
distribution and dynamic angle of repose obtained through simulation are shown

in figures 4.12 (b) to 4.12 (e) respectively.
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Figure 4.12 (a):  Granular solid bed during cascading mode

Figure 4,12 (b): Trajectory of a single particle in cascading mode
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Velocity profile of the cascading mode

Figure 4.12 (c):
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Figure 4.12 (d):  Kinetic energy distribution
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Figure 4. 12 (¢): Dynanuc angle of repose with respect 1o time.
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4.4.5 Cataracting mode

As the rotational speed increases. the cascading motion 1s SO strongly
pronounced that individual panicles detach from the bed and are thrown off into
free space of the cylinder. The release of panicles {rom the solid bed (o the Itee
surface is the charactenistic feature of cataracting motion. The simulated results of
the cataracting mode of the granular solid bed are shown in Figures 4 13 (a). The
corresponding ﬁgurs for the velocity profile is shown in figure 4.13(b). The
trajectory of a single particle i1s depicted in figure 4 13 (c), kineuc energy
distribution is given in figure 4.13 (d). The rotational speed of the cyvlinder is 35

pm

) 4

Figure 4. 13 (a) :  Granular solid bed during cataracting mode
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Figure 4.13 (b): * Velocity profile of the cataracting modé
! P '

Figure 4.13 (r): Trajectory of a single particle in cataracting mode.
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Figure 4.13 (d) : Kinetic energy distribution
4.4.6 Centrifuging

. With increasing rotational speed, the number of particles thrown off from
the bed increases and the length of trajectories also increase. With further increase
i the rolational speed, some of the particles begin to adhere to the wall and after a
ew rotations the whole solid bed rotates with the cylinder wall as a uniform film
his type of mode is known as centrifuging and is usually obtained at high
otational speeds. Typical plots of the granular solid bed. velocity profile,
rajectory of a s.ingle particle and kinetic energy distribution of the centrifuging
motion when the rotational speed of the cylinder is set at 80 rpm are shown in the

following series of figures 4.14 (a) to 4.14 (d).
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Figure 4.14 (a): Granular solid bed during centrifuging mode

Figure 4.14 (b): Velocity profile of the centrifuging mode



Dynamics of Granular Solids Motion e

Figure 4.14 (c): Trajectory of a single particle in centrifuging mode.
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Figure 4.14 (d):  Kinetic energy distribution
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Figures 4 15 (a) to 4 15 ({) shows the vector plots of various stages which

lead to the centrifuping mode.

Figure 4.15 (a):  Vector plot of centrifuging motion after 1 rotation

Figure 4.15 (b):  Vector plot of centrifuging motion after 2 rotations
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Figure 4,15 (¢):  Vector plot of centnfuging motion after 3 rotations

Figure 4.15 (d): Vector plot of centrifuging motion after 5 rotations
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Figure 4,15 (e): Veclor plot of centrifuging mwotion after 7 rotations

Figure 4.15(f): Vector plot of centnfuging motion after 9 rotations

The dynamics of granular solid bed at different rotational speeds are
presented in Figures 4 16 {a) to 4 16(e) after 2, 4, 6, 8, 10 rotations. It can be
clearly seen from the Figures that good mixing occurs only in the rolling and
cascading modes.  Since Cascading, Cataracting and Centrifuging motions are
less preferable modes of operations for rotating cylinders, further studies are

confined only toinvestigating the rolling mode.
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4.5 Results and Discussion

4.5.1 Characterization of the Transition behaviour

Henain |1983a. 1983b) proposed the Froude number as a suilable
parameter (o define the transition from one mode (o another The Froude number
is delined as
R

8

For (4 %)

where R.wand g are the cylinder radius, rotational speed of the cvlinder and

acceleration due 10 gravity respectively. Henein's |1983a, 1983b] experiments
showed that low values of /7 less than 107~ are consistent with avalanching.

Then there is a transition region where 1072 < Fr <10™%. Values of 7 more
than 10 “are consistent with the rolling mode Mellmann {2001] developed
mathematical models (o predict the transition behaviour and he has presented the
results as a bed behaviour diagram and he observed that the bed behawviour
diagram depends strongly on the fill fraction and rotational speed He also
presented the Froude number values for transition behaviour. To confirm the
transition values of the Froude number, simulation runs are made for the
following operming parameters for simulating the transition behaviour of the

granular solid bed from one mode to the next mode.

» Cylinder diameter 7 5 ¢cm

N\

Particle size — 3 mm with density 1300 Kg/m'
» Fiulf fraction 20% which corresponds to around 750 particles

\4

Rotational speed is varied from | rpm - 80 rpm
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The simulations are carried out and by graphically observing the velocity

profile for various rotational speeds and the Froude numbers are calculated using

A
: . T s
the equation frr = v And these values are tabulated in Table 4.2 along with
g
the predicted values Mellmann |2001]. The values predicted by the simulation
closely matches with the values predicted by Henein et al [1983a. 1983b] and

Mellmann (2001 |

Table 4.2 Froude numbers as predicted by simulation

' o [ Froude number Froude number as

Types of motion as predicted by predicte-d by tl_le
S ST~ Mﬂ(l;g;%n#;lﬁﬂ . _pzeﬁeﬂt_ilfgl@!on -
! 3.4x10° (2 rpm)
) Slamping T05<Fi<10" 75104 (3 rom)
, Rolling 107<Fr<107 5.3x1073 (8 rpm)
j_ Cascading 107<Fr<10" 0.03 (20 rpm)
: Cataracting 107<Fr<] 0.20 (50 rpm)
| Centrifuging Fr>1 1.01 (110 rpm)
‘ L

Davidson et al [2000] predicted the transition pattern from
slumping to rolling by plotting the slump cycle time against /@ and
demonstrated a linear relationship between these variables. They also obtained the

avalanche time ﬁz (explained in section 4.3.2) in the order of 1-2 5. To verify

Davidson’s results, thle following methodology is adapted in the present work
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Figure 4.17: Horizontal and vertical position of the particle with respect
to time using DEM simulation.

From the trajectory plots as shown in the Figure 4.17, the slump cycle time
is calculated as the difference between in time between consecutive maximum X-
positions. This is calculated at various times for each representative particle and
then they are averaged out. These results are plotted in the same way as that of
Davidson (2000) and are shown in Figure 4.18 for various fill fractions. The

avalanche time is in the order of 0.5-0.8 s for the simulation runs.
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Figure 4.18: Bed turn over time using DEM simulation

Ding ¢t al, [2002) presented theoretical models based on overall material
balance and geometric parameters to calculate bed tumover time in both the
slumping and rolling modes and they suggested that the transition form slumping
to rolling occurs when the two lurnover times are equal. According to Ding,

[2002] the bed turnover during rolling mode is given as
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-

2 R2 arcsin[ A ) - Lh I
R |

(prdp = Se 5o =
o 1% ~2hé,, - 5,3,]
L

{+.9)

where ¢ is the rotational speed. 7. 1s the half chord length, R is the radius. 4 is
the shortest distance between the drum center and bed surface and &, 1s the

maximum depth of the active region.

The simulation to check this equation is carried out for the following

process parameters:

Table 4.3: Process parameters

~ Parameter *_H'K_sgg_na Value |
Cylinder Radius I5m n
Parucle Size 6 mm
Fill Fraction 10%-30%
i Rotational Speed i 5 -30 rpm

From the simulation data the values of L, handd, are obtained and
substituted in the equation 4.9 to obtain the bed turnover time (15, ), . From the

trajectory plots of the representative number of particles, the bed tumover time is

calculated as {,, ) as prodicted by simulation = _Smalaton tme g,

Average no. of cycles

example, from the figure 4.17, we obtain (i, )ras predicted by simulation =

P 20%~ ~13s. The predicted bed turnover time from simulation are presented in
cycles

table 4.4, Along with the values obtained from equation (4.9).
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From the table 11 can be observed that the simulation results are deviating
from the results of Ding ¢t af [2002]. The deviations may be due to the following

reasons

Results obtained by the present simulation are based on the transient
analvsis of the granular solid bed dynamucs, whereas derivation by Ding ¢ af
[2002) is based on the steadv stale assumption and on thé geometrical pattern of

the granular solid bed.
Onlyv unrform spherical particles are taken for the present simulation,
where as the work of Ding ¢f al [2002] is based on a particle size distribution and

for a different cylinder diameter.

Table 4.4: Bed turnover time as predicted by equation 4.9 and by DEM

simulation
Fill Fracton | Angular Velocity ] (thr ),- by {thr )r by |
(*4) 1 (rpm) equation 4.9 | simulation
(s) i (s)
10 i 15 B 1.17 - 13
15 ! 20 0.931 11
20 ! 20 1105 9.5
. L - o

4.5.2 Characterisation of active layer

Since active layer has been declared as the zone, that is responsible for the
mixing of solids under going a rolling mode, several studies have been directed to

characterizing the active layer depth.

Henein ef al [1983ab] noted that the active layer depth decreased for

smaller particles, decreased with increase in bed depth and increased with the
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rotational velocity of the cylinder. Boateng |1993) found that the active laver
proportion increased with increase in velocity and decreased with increased drum

loading

Recendy Van Puyvelde er al. {2000] characterized the active laver depth
based on thei experimental results for various rotational speeds and fiif fraction.
They concluded that the only paramelers. which aflected the acuive layer
percentage. were the cylinder loading and cylinder velocity. They also found out

that particle sizes and cylinder diameter did not affect the active layer depth
The active laver percentage as predicted by Van Puyvelde {2000] s given as

%Al = 9.81In(N) + 0.438c"08744(50-L) (4.10)

The simulanon tests are carried out for the same process parameters Table 4.3.
The active layer depth from the simulation runs are calculated as explained in

section 4.3.4. The results are presented in Table 4.4

Table 4.5:  Percentage of Active layer both simulation and equatton 4.10

Fill Fraction Rotationa! Speed % AL % AL
(%e) (rpm) (Equation 4.10) ( present study)
10 15 4] 40
15 ) 20 39 38
20 20 35 323
25 20 332 329
30 20 31.9 318
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It is clearly evident that the DEM sumulaton carried oul 1n this study is
able to predict the active laver depth of granular selids undergoing in rolling

motion accurately.

The vanation of active layver depth with respect o the rotational speed and
il frachons are presented in Figures 4 19 and 4 20 1t can be observed that active
layer depth increases with rotational speed and decreases with (ill fraction, which

agrees well with results of Henetn et al., {1983a, 1983b}

50
€ Fill Fraction=10%
1 4 Fill Fraction=15% P
- * Fill Fraction=20%
- $
= ¢ A
-,E_ 40 A
S ¢ %
o 35 4 ¢ A "
@ .
2 ]
2 A *
30 4 *
25 T LA B T LI LR |
10 15 20 25 30

Rotational speed (rpm)

Figure 4.19:  Active laver depth vs rotational speed
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< 40 A
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30 A = .
25 ' i T 1 T T Ch
5 10 15 20 25 30
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Figure 4.20: Active layer depth vs fill fraction

Increasing the f:ercentage of fill signifies that although more material goes
into shearing, the amount of material sheared is distributed over a longer chord
length and hence smaller increment in thickness. This results in the observed
decrease in percent active layer depth. The decreasing percent active layer depth

with increased percent fill is therefore related to geometrical constraints.
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4.5.3 Dynami¢ angle d’f repose

The variafion of dyi;\a.mic angle of repose with respect to rotational speed
obtatned through] DEM siql-mlation carried out in this work is plotted in Figure
4.21 for various. fill fracliq,ns. It can be seen that the dynamic angle of repose

increases linearly with the fotational speed.

30 —

L
I g enun

N
h
1

(3%
o

-h
—e
L

—&— Fiil Fraction 10%
—~o— Fill Fraction 20%
~+¢— Fill Fragtion 25%
——4—=F{l| Fraction 30%
b '—?l'—l_"l'l.'llfl_'
' 0 5 10 15 20 25 . 30 35
} . Rotational speed (rpm)

Dynamic angle of repose (deg)

*‘igure 4.2:1: Dynamic angle of repose vs rotaﬁoz:ml speed

To study the effeu't of friction between cylinder wall and granular particles,
simulation rung were made by varying the coefficient of fncnom. The values of

dynamic anglejof repose are plotted in figure 4.22 for various values of coet’ﬂclent
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of friction. The dynamic angle ol repose Increases rapidly with an increase sn the
coelficient of fniction but levels off for friction coefTicients greater than 0 5.
These stimulation results agree very closely with the observatons of Yanane ¢f

al . [1998].

25

20 H

Dynamic Angie of Repose (deg)

7

15 T \ T T
0.0 0.2 04

Coefficient of friction

T v T 1 ”
0.6 0.8 10 1.2

Figure 4.22; Dynamic angle of repose vs coefficient of friction
4.5.4 Surface velocity during granular motion

Particle velocity is one of the most important variables that affect
individual particle dynamics, Boateng and Barr {1997) measured surface velocity
with fibre optic probes and found that the velocity profiles which were roughly
parabolic centered about the mid chord length, agrees with the previous
experimental works by Singh [1978]. However, these symmetric profiles were not

consistent among all the materials tested nor for the same matenal at different
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rotauon rates. Decreasing the fill percent at constant rotation rates, caused the
velocily profiles to become skewed (owards the base. meaning the particles
accelerated bevond the mid chord position MRI studies by Nagakawa ¢/ al.
[1993] likewise showed roughly parabolic velocity profiles skewed towards the
base of the cylinder. One such typical plot s shown i Figure 4.23 which clearly

shows the parabolic velocity profife.

The maximum surface velocity is plotted against rotational speed in Figure
4.24 and 1t can. be seen that there 1s a linear relationship between these two

quantities as predicted by Yamene e¢f al. [1998].

1.2
Filtfraction 30%
rotational speed = 20 rpm
104 e
[ 4
: ¢
.g ) J ®
E
g . .
T 06 -
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T )
4
"é‘: 0.4 ~ ®
-]
7.
02 J . b
0.0 ~— v T T v Tt g
00 0.2 0.4 0.6 0.8 1.0 1.2

(Noymalised distance)

Normalised surface velcoity along the
dimensionless distance along the surface layer (x/ZL)

Figure 4.23: Normalised surface velocity along the chord length
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Maximum surface velocity
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Figure 4.24: Maximuimn surface velocity vs rotational speed
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4.6 Conclusion:

Using the software code DEMCYL presented in Chapter 3. the simulation
of granular solids in the transverse plane of a horizontal rotting ¢cvlinder s
carried oul in this Chapter. The results obtained are presented both at the micro-
level and macro-level.  The procedure (o obtain individual particle velocities,
their trajectories, velocily vector plots. dvnamic angle of repose. surface laver
velocities, active laver depth ase presented. This 1s followed by results showing
the six fonms of solid body motion with respect (o rotational speed along with

trajectory plots and kinetic energy distribution for each mode.

For slumping mode. the slump cycle nme is validated with the results of
Davidson ¢t al. [2000]. Prediction of the transition behaviour based on Froude
number from simulation is compared with the results of Mellmann [2001] and the

agreement is found to be sausfactorv. The bed turnover time against the

1 , . . .
frequency - for various il (ractions demonstrated a linear relationship as
[}

predicied by Davidson ef al., (2000},

The active laver depth obtained through simulation are compared with the
active layer deptb predicted by Van Puyvelde ¢/ al.. [2000a] and the agreement is
found to be very good. It has also been found that active layer depth does not
depend on the particle size and cvlinder diameter as observed by Van Puvvelde
{2000a],

It has also been found that the active layer depth increases with rotavonal
speed and decreases with degree of {ill as predicted by Henem ef al. J1983a.
1983b]  The surface velocity profiles showed a parabolic nature and the
maximum surface velocily increased with rotational speed in a linear way as

predicted by Yamane e/ al. [1998)
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The dynamic angle of repose i1s found to increase with the increase in
rotational speed. The dynamic angle of repose 15 also found to increase with
coefficient of friction, bul after a value of 0.5 for coefficient of friction 1s aimost

constant as predicted by Yamane ¢/ al. {1998).



CHAPTERS

MIXING AND SEGREGATION BEHAVIOUR OF
GRANULAR MATERIALS IN A ROTATING
CYLINDER

5.1 Introduction

Mixing and segregation of granular particles having different matertal
properties such as particle size, density. shape. surface roughness is one of the
inportant operations performed in horzontal rotating cylinders. They significantly
contribute towards heat and mass transfer and chemical reactions and thereby play a
major role in the productivity and product quality of the final product. In order to
improve the efficiency of mixing, 1t 1s important to understand the particle behaviour

10 any mixing apparatus.

Several experimental studies have been directed towards investigation of
mixing and segregation behaviour of granuiar solids in a honizontal cylinder slowly
rotated about its axis, for example the work of Oyama [1939], Weidenbaun and
Bonilla {1955] and Roseman and Donald [1962] In general, experiments wese
performed in a cylinder that was closed at both ends and rotated in a batch mode, at
various rotational speeds resulting in stumping, rolling or cascading modes of bed

motion.

Hogg and Fuersteanu [1972] described the mixing in the transverse section of
rolling bed as a combination of the convective and diffusive mixing mechanisms.

Lehmberg et «f.., [1977] measured the dynamics of mixing of solids in an
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experimental drum of diameter 310 mm and they mixed .80 mm sand having a
minture containing 90% as white and 10% as black. They used a rotational speed of 2
rpm and found that the bed was fully nuxed after 42 rotations However. they did not
quantsfy the mixing rate Woodle and Munro {1993} studied the mixing rate from a
statistical point of view and found the rate of mixing to be constant until the bed
became fully mixed Boateng and Barr [1996]) devised a model for the mixing and

segregation using granular mechanics

Experimental measurements of radial mixing of mono-sized particles of equat
density are reported in a sfumping bed by Clement ef al. [1995]) and Metcalfe et !
[1995]. and n a rolling bed by Khakhar ¢/ al. {1997a): (i) Clement er «/. [1995) vsed
a video camera to track the motion of a single particle of diameter 1.5 mm in a short
cylinder having a diameter)1 60 mm and depth 15 mm The particle was reported to
move at random between different radial positions in the bed. (11) Metcalfe er «f.
(19957 investigated the radial mixing of table salt of mean diameter 0.6 mm, rotated

in a short cyhinder having a diameter of 144 mm and of length 24 mm.

A simple model for the mixing process was proposed consisting of (a) a
geometric part corresponding to transport of the slumping wedge from the top to the
bottom of the bed, and (b) a dynamic part, assuming random mixing within the
wedge Good qualitative agreement was found between the modef and experiment,
but the mode) was found to consistently overestimate the mixing rate. (¢) Khakhar ¢/
al. {1997a) used a video camera to investigate radial mixing in a thin cylinder, of
diameter 69 mm and length 15 mm, between different cofours of (i) sugar crystals of
'diameter I mm, and (it} spherical sugar balls of diameter ! .8 mm. The rate of mixing
per revolution was found to increase as the hold-up was decreased, and to be higher
for spherical particles. Recently van Puuvede et al [2000a, 2000b) has carried out
,(cxtcnsive set of experiments to predict the mixing rate and final amount of mixing of

solids In a rotating drum.
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As can be seen from the literature review, several maodels have bhee

proposed but each model is limited to individual experimental conditions.. A unifie

mixing model which helps to analyze the effect of important process variables lik

eylinder size, particle size, particle density, rotational velocity of the cylinder an

fill fraction on the mixing kinetics is absent.

A considerable amount of experimental work on particle segregation i

partially filled rotating drums has been carried out in the last few decades The maj

conclusions, which should form the basis for validation of a generalized mode! are;

Segregation occurs in both radial and axial directions, but axial segregatic
proceeds slowly while radial segregation takes place rapidly (Rosem:
Donald [1962], Rogers and Clements [1971], Henein [1987), Pollard ar
Henein [1989], Wightman and Muzzio [1998]).

In the transverse plane, fine, rough and dense particles are found by mo
workers to concentrate in the core region of the bed (Pollard and Henee

[1989], Rogers and Clements [1971]).

Segregation in the transverse plane occurs mainly through percolatio
random sieving and expulsion and trajectory mechanisms (Nityanand ef ¢

[1986], Savage and Lun [1988], Boateng and Barr [1996]).

There are some controversies regarding the kinetics of radial segregation. Tl
results of Rogers and Clements [1971] and Cantelaube et al. [1997] show:
that the kinetics of segregation was first-order while Nityanand ef al. [198

observed a zeroth order kinetics.
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In parallel with the experimental work, mathematical modeliing has also been
carried out amiing with a view at understanding the kinetics and mechanism of
particle segregation. These studies can be classified into the following two categories
The first category l: the application of the Eulerian method, which treats the granular
material as a contipuum (Boateng and Barr [1996], Levitan [1998]. Pur and
Hyaakawa [1999])) The second category is the application of Lagrangian approach,
which includes discrete element method, and Cellular automata approaches (Walton
and Bravn [1993], Yamane [1997], Cleary [1998] and Kitarev and Wolf [1999]).
These models help with interpreting some experimental observations. However
quantitative agreement between model predictions and experiments has been rare

in the published work.

The effect of mass ratio on segregation has been investigated by Ristow
[1994] using equal sized particles of different densities and he showed that the
segregation vzlocity increased proportionally with the logarithm of the mass ratio of

the particles.

Based on the earlier analysis carried out it 1s apparent that the particle size
ratio and the rotational velocity of the drum are important variables in trying to
predict the segregation behaviour Hence this work is directed towards checking the
capability of the prediction of the mixing and segregation behaviour of granular
materials in a horizontal rotating cylinder through the simulation code DEMCYL
Further the effect of particle size, particle density and rotational velocity on the
miang and .cegregati'{m behaviour is studied based on the simulation results. The
simulation resulls ﬁre quantified in terms of mixing index, mixing rate, segregation

index and percolation index
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52 Mixing cfjrve, Segregation Index and Percolation index
|
: §.2.1 Mixing uﬁh've
.'
l :

Using DEM simulation, the mixing process was simulated by drawing a
mixing curve by re|ating the'degree of mixing and the mixing tirpe. As a first step,
the particle bed w. dividedl into two parts, parti¢les in the upper part are coloured
with black and lower particl(;s are coloured with white as shown in Figure 5.1. The
degree of mixing was calcubated using these twd sets of particles at each cycle of
rotation from the ipitial state onwards. To get p better idea of how the degree of
mixing varies over|the sc')lid‘-bed, we divided the solid bed into different segments as
shown in Figure 5.2. Each segment may have unequal areas. During the simulation,
at the end of eac iteratioh. the parameters colrresponding to the solid materials

belonging to each of the segments is computed separately and analysed.

Figure 5.1: Initial particle distribution
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Figure S§.2: The cross section of the cylinder divided into different segments.

The standard deviation for each set of particles in each segment (Muguruma e/

al., [1997]) is given by

TR
\f%(/i—ff
o=l (5.1)

N -1
where f; denotes the volume fraction of black coloured particles in each

segment J, f is the over all proportion of black coloured particles (Initially assumed
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volume fraction) in each segment and N 18 the number of segments in which partcles
are occupred.
N L o
The degree of mixing 15 given by . where g denotes the standard

ao

deviation obtaxned during the initial condition of totally unmixed state and is given by

oo =/~ /) (52)

When the granufar bed is randomly mixed then the standard deviation, o, 1S

expressed as
o =\[_f.£‘:z')‘ (5.3)

where » is the total number of black coloured particles in each segment.

5.2.2 Segregation Index

When the cylinder is rotated with particles having different sizes, one has to
take care of the degree of segregation. A similar procedure employed for calculating
the mixing index was used to calculate segregation index also. The solid bed was
divided into different segments as shown in Figure 5.2 each segment consisting both
smatier and larger sized particles. The standard deviation for the fraction of small

particles in each segment is given by
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{Z (.- rY

where /, is the volume fraction of smaller particles in each segment /i, / is the over

all proportion of smaller particles (initral volume fraction) and N is the number of

segments in which particles are occupred.

. . lo}
The segregation index is given by -—  where o,denotes the standard
[t

deviation obtained during the initial condition of totally unmixed state and is given by

oo =0~ /) (5.5)

Porosity is one of the fundamental properties of a bed of granular materials
(A)-Bing Yu [1993), Alonso ef al,, {1991], Ouchiyama and Tanaka {1984]. Predictioﬁ
of porosity of a bed of granular materials helps in controlling the product quality at
the optimum level [t is seen earlier from literature that porosity is intimately related
to the particle size distribution. For the present study, the following methodology is
adapted to calculate the porosity. After dividing the transverse plane of the cylinder
into segments as shown in Figure 5.2, the number of particles inside each segment is

identified and their total volume calculated. The porosity is defined as

_ Volume of the segment i —Total volume of the pariciles in segment |

R Rl

Volume of the segment i
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S.2.3 Percolation Index

As the cylinder rorates the denser or smaller particles percolates inside 1o the
ceatral region of the solid bed creating a radial segregation. The magnitude of
segregation depends on varjous factors such as rotational speed, particle size ratio, fil
fraction and particle density. The degree of segregation can be expressed
quantitatively wn terms of a percolation index (Alonso ef a/,[1991]). The Percolation

index /£ 1s defined as;

S B el 1 | R
R e | R TR AT

~1 (5.6)

where ¢ 1s the average porosity ., v,.is the overall solid volume fraction of coarse or

larger sjze particles in the bed and d s the size ratio of coarser to fine particles.

5.3 Mixing behaviour using DEMCYL

Since mixing and segregation are more pronounced in the rolling mode of
solid bed motion tn a rotating cyhnder, the simulation code DEMCYL is run for the

following process parameters to study the mixing behaviour of the granular solids.

» Cylinder radius= 1.5 m

» Particle size= 6 mm

> Fill Fraction=0.30
Rotational speed= 20-30 cpm

VY
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To identify the mixing process 50% of the particles are taken as black
coloured particles and 50% as white coloured particles. The Figures 5.3 (a to ¢)
shows the mixing pattern of the granular material after 15 rotations during rolling
mode at three different rotational speeds viz., 20 rpm, 25 rpm and 30 rpm. 1t s
evident from the figures that mixing behaviour is more pronounced for higher

rotational speeds.

(a) (b)

(©)

FigureS.3: Mixing pattern after 15 rotations in rolling mode at rotationa) speeds
(a) 20 rpm, (b) 25 rpm and (c) 30 rpm.

¢
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The Figures 5.4 (a to ¢) shows the trajectory of a single particle after (S
rotations during rolling mode at three different rotational speeds viz, 20 rpm, 25 rpm
and 30 rpm  The rolling behaviour of the bed 1s shown clearly in Figure § 4 (b) when
the rotational speed s 25 rpm  In the cascading regime (Figure 5 4(c)), it can be

observed that ance the particle reaches the center of the bed it almost remains there.

(a) (b)

(©)

FigureS.d:  Trajectory of a single particie after 15 rotations in rolling mode at
rotational speeds 20 rpm, (b) 25 rpm and (c¢) 30 rpm
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1

Figures 3.5 shows the mixing curve obtained through the DEM simulation for

a fill fraction of’30 % at rotational speeds of 20 rpm, 25 rpm and 30 rpm respectively.

o/c

70

Time (s)

Figure 5.5:  Mixing Curve for fill fraction 30%

It can be observed that the degree of mixing diminishes as the time of mixing
increases. }When the sohid particles get mixed well then the degree of mixing
becomes copstant. A plot of degree of mixing on the natural logarithmic scale versus

bme is shov}n in Figure 5.6.



Mixing und Segregation Beh:iw'our

144
1 —
| —de— 20 rpm
| —=@— 25 rpm
| =30 rpm
w |
|
—I—I —r L ] !] v ‘{'- ‘_1‘ ]— L3 ‘ I
0 10 20 30 40 , 80 80 70
Time(8) | |
Figure 5.6] Degree of mixing on natural iog scale vs tim:e (fill fraction 30 %5)
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It can pe obseryed that mixing process can be classified into two stages for

ndén-adhesive

panicles;f during the first stage, the term ln(
|

i£~ decreases with the
‘Uo
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. o
slope =@ and in the second stage ln[ - ] takes the constant value of the random

n

_ o ag
mixture, which is given by ln[ 'J.
0!

The slope obtained through the mixing curve is termed as the rare coefficient
of miving denoted by ¢ and it indicates the effectiveness of a machine as a mixer.
The rate cocﬂicnén_t of mixing and the corresponding mixing index are shown in
Table S 1 for different rotational speeds at a fill fraction of 30% The relation
between the rate coeffictent of mixing and rotational speed 1s depicted in Figure 5.7.

Itis evident that ¢ increases linearly with rotational speed.
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v
Figure 5.7: Rate of coefficient of mixing vs rotationaf speed
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In Table 5.2 the values of rate coeficient of mixing and the mixing index are
given for various fill fractions at two different rotational speeds The relation
between fill fraction and the mixing index 1s shown in Figure $.8. At a rotational
speed of 30 rpm, the mixing index decrease with increase in fill fraction but when the

fill fraction becomes more than 25%, it remains constant.

0.150
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0.140 -
<4
0.135
x
4 0.130 4
£ ] J
E’ 0.125 5
= 01204
0,115
1 ®
0.110 o .
]
0.105 +—p——————————1——y————————
014 0146 018 020 022 024 026 028 030 032
Fill fraction (%)
Figure 5.8: Mixing index vs fill fraction.
Table S.1: - Mixing parameters at fil! fraction 30 %
Rotational Speed Rate Coefficient of Mixing |  Average Mixing Index
(rpm) () )
20 .004 0.12
25 006 0.1

30 007 011
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Table 5.2:  Mixing parameters for different fill fractions

’ ~ Fill Fraction Average Mixing Index (-) | Average Mixing index (-)
(%) for 20 rpm for 30 rpm

L - . —
15 0.15 0.16
20 0.13 0.14
25 0.11 0.12

L 30 012 0.11

5.4 Segregation behaviour using DEMCYL

The simulation code DEMCYL was run for the following process parameters

to observe the segregation behaviour for the following process parameters

Cvlinder radius= 1.5 m

Particle size = 4 -10 mm

Particle density= 1300 Kg/m®, 2500 Kg/m’®
Fill Fraction = 0.30

Rotational speed= 20-30 rpm

Y ¥ Y ¥ ¥

3.4.1 Effect of particle size ratio

Various combinations of particle sizes between 4 to 10 mm with density
1300kg/m’ were chosen to check the segregation pattern for a rotational speed of 30

}' pm. It was observed from DEM simulation that particle size ratios play an important
|

role in forming segregation patterns. However, for some specific particle size ratios,
segregation is generated while for other ratios of particles, the granular bed i1s well
mixed even though it seems to have a very slight chance for segregation. For

example, "Where for particles sizes 6mm and 10 mm, a perfect segregated bed is
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obtained ag shown in Figure 5.9 (b), while it was observed that for particle sizes 6mm
and 8mm Yed is perfectly well mixed. Similarly for particle sizes Smm and 9mm, as
shown in Figure 5.9 (a) a perfectly segregated bed is obderved, where as for particle
sizes 6mmj and 9 mm, the bed is mixed without segrcgati#n. So the size ratio plays an

important fole in mixing and segregation pf non-uniform 'particlcs.

igure 5.9 (a): A Granular solid bed with 20 % of 6 mm and 80 % of 8
mm particles.
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Figure 5.9 (b): A Granular solid bed with 20 % of 6 mm and 80 % of
10 mm particles.

5.4.2 Effect of rotational speed

The effect of rotational speed on the segregation pattern is depicted in the

Figures 5.10 to 5.13. The fill fraction was fixed at 30% and the volume fraction of 6
mm particles was taken as 20 % and volume fraction of 10 mm particles was taken as
80 %. The rotational speed of the cylinder is changed from 15 rpm to 100 rpm. The
profiles of granular solid particles for each rotation from the figures, shows how the
segregation mechanism takes place at various rotational speeds. These patterns agree

well with the experimental results of Nityanand ef af, [1986].
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a (1 rotation) b (2 rotations)

¢ (3 rotations) d (4 rotations)

f (6 rotations)

e (S rotations)
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g (7 rotations) h (9 rotations)

Figure 5.10 (a-K):  Segregation pattern formation for the first 9 rotations in the
rolling mode.

a (1 rotation) b (2 rotations)
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¢ (3 rotations) d (4 rotations)

e (5 rotations) f (6 rotations)

g (7 rotations) h (8 rotations)

Figure 5.11 (a-h): Segregation pattern formation for the first 9 rotations in the
cascading mode.
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‘.'“""-

a (1 rotation)

e (5 rotations)

f (6 rotations)
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g (7 rotations) h (8 rotations)

| Figure 5,12 (a~-h);  Segregation pattern formation for the first 9 rotations in the
i cataracting mode.

a (] rotation)

¢ (3 rotations) d (4 rotations)
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Figure 5.13 (a-h) :  Segregation pattern tormation for the first 9 rotations in the
centnifuging mode.

When the mode of granular material motion 1s cascading, particles will be
almost well mixed and no radial segregation is observed. At higher rotational speeds
the smaller particles segregate to the walls of the cylinder. This phenomenon has
been termed as reverse segregation by Nityanand e/ al. [1986] to differentiate from
the segregation core associated with rolling and slumping modes. The differences
occurming in” the segregation patterns in the rolling mode compared with the

centrifuging mode may be due to the differences in the bed behaviour,



|
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!
5.4%! Effect of volume fraction of finer particles

| To study the effect of volume fraction of finer (smaller) partictes, DEMCYL

of
The rotational speed of the cylinder is set at 30 tpm. The segregated granular bed

is ufed to simulate the granular dypamics of two dfﬂ'erem sized particles having 30 %
fill fraction with volume fractipn of finer partiécles changing from 10 % to 50 %.

1
i

aftgr 10 rotations are shown in Figures 5.14 to 5.17. The size of the core increases ;

with increase in volume fraction of finer particles.

Figure 5.14:  Segregated sofid bed of 10% ;bf smaller particles and §0% of larger
particles
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Segregated solid bed of 20% of smaller particles and 80% of larger

particles

Figure 5.15:

Segregated solid bed of 30% of smaller particles and 70% of larger

particles

.
.

Figul;e 5.16
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Figure 5.17; Segregated solid bed of 40% of smaller particles and 60% of larger
particles

The percolation index was computed for granular solid bed consisting of
volume fractions of two different sized particles. The values of percolation index 1s
plotted against volume fraction of smaller particles as shown in Figure 5.18. The
volume fractions of smaller particles was varied from 10 % to 50 % It can be

observed that percolation index decreases with increase in volume fraction of finer

particles as expected.
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Figure 5.18: Percolation index vs volume fraction of smaller particles

5.4.4: Effect of particle density

The effect of particle density was studied using DEMCYL by simulating the
granular bed with two different particle densities namely; 2500 kg/m® and 1300
kg/m’. It is found that the denser particles forms an inner core in the granular bed as
predicted by Ristow [1994). The simulated figure is shown in Figure 5.19, where
particles with 2500 kg/m® density are coloured with black and particles with 1300

kg/m’ are coloured white.
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Figure 5.19: Segregation of denser particles.
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5.5 Conclusion

In this Chapter an analysis of mixing and segregation in the transverse
direction for different particle sizes, different particle densities, different volumetric
concentrations and their size ratios is analysed using DEM simulation. The effect of
fill fraction and rotational speed on the transverse mixing behaviour is presented in
the form of a mixing index and mixing kinetics curve. The segregation pattern
obtained by the simulation of the granufar solid bed with respect to the rotational
speed of the cylinder is presented as graphs. From the results of the numerical
experiments through computer simulation, the macro parameters such as mixing

index, percolation index, and segregation index are obtained.



CHAPTER6

CONCLUSIONS

This Chapter summarises the significant contnbutions made (owards
mterpreting the complex macroscopic behaviour of the granular bed motion in a
horizontal rotating cylinder through a model based on DEM. Also, further work
required to enhance our understanding and predictive capabilities of the model

developed in this work is presented.

6.1 Conclusions

The motion of granular solids in the cross section of a horizontal rotating
cylinder 1s simulated in this work by a theoretical model based on Discrete

Element Method. The salient features of the present theoretical model are;

(a) There are no empirical parameters in the model
(b) There are no assumptions or any artificial boundary conditions are

imposed at the boundaries as in the case with continuum models

The influence of the two important process variables namely; the fills
fraction and rotational speed on the various regimes of granular solid bed motion
1s simulated in this work. The transition behaviour of the granular solids motion
for the six different modes are predicted with the Froude Number as the basts and
the results have been validated with the results reported by Melimann (2001} and
the agreement is found to be very good.

The criteria for the transition behaviour between slumping and rolling

modes are quantified using the bed turn over time. The bed tum over time against
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| . :
. where w 15 the angular speed 1n rad/s ol the rotating cylinder showed a hinear
[ZY

refationship as pl.'edicted by Davidson cf al.. {2000}

The depth active layer obtained through simulation are compared with the
results predicted by Van Puyvelde ef al., §2000a) and the agreement is found to be
very good. 1t has also been observed that the active layer depth does not depend

on the particle size and cylinder diameter as observed by Van Puyvelde [2000a).

It has also been found that the active layer depth increases with rotational
speed and decreases with degree of fill as predicted by Henein er al. . [1983a,
1983b). fncreasing the percentage of {ill signifies that although excess matenal
goes (nto shearing, the amount of matertal sheared is distributed over a longer
chord length and hence the smaller increment in thickness. This behaviour leads
to results in the observed decrease in percent active layer depth. The decreasing
active Jayer depth with increased percent fill 1s therefore related to geometrical

consiraints.

The surface velocity profiles computed from the simulation results of this
work showed a parabolic nature and the maximum surface velocity increased with

rotational speed in a linear manner as predicted by Yamane er a/. [ 1998}

The simulation code has been used to study the muxing and segregation
behaviour of the granular sohds a1 the cross seclion of the horizontai rotating
cylinder. The nuxing behaviour has been quantified in terms of a mixing index
and a rate coefTicient of mixing. It is observed that the rate coefficient of mixing
increases with the rotational speed and the mixing index decreases with fill

fraction at a given rolational speed.
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The segregation behay our of granular solids is sumulated for a

(a) Granular solid bed comprising of different sized particles with varying
volume fracfion of finer sized particles
(b) Granular solid bed comprising of equal sized particles but with varying

density. .

It is observed that the finer particles form an inner core and the predicted
extent of the segregaled core agrees with the experimental results reported by
Henein [1983a]. Further denser particles formed an inner segregation core as

observed by Ristow ef al . {1994].

The intensily of segregation intensity is quantified in terms of a

percolation index. Other imporiant conclusions are;

(a) A mathematical model for the granular solid bed dynamics based on
first principles has developed and validated with the widely reported
experimental results.

(b) Tt is found that filt fraction, rotational speed and particle size are the
most sensitive parameters goveming the flow behaviour.

{c) The depth of the active Jayer depth increases with increase in rotational
speed The coefficient of dynamic friction determines the dynamic
angle of repose. The dynamic angle of repose increases with increase
in the coefficient of dynamic friction up (o a value of 0.5 and for
higher values of friction coefficient, the dynamic angle of repose
remains constant.

(d) The DEM model developed in this work 1s capable of quantitative
predit}(ions of concentration profiles of particles and the extent of

segregation in the cross sectton of the rotating cylinder.
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Finally it can be concluded that the present mathematical model is able 1o
predict accurately particle concentration profile. velocity profiles. surface
velocity profiles. active layer depth, individual particle trajectocies. dynanuc
angle of repose, bed tum over time etc.. thus providing a reliable and
comprehensive model for the design, optimisation and interpretation of
complex phenomena encounter in granular solids motion In hornzontal

cvlinders.
6.2 Future Scope

. The mathematical model should be extended to incorporate mass diffusion
terms in the active layer, temperature effect due to helerogeneous
reactions, so that 1t will enhance our knowledge on hot spots. product

quality elc.

9

The simulation based on the mathematica) mode! developed should be
carried out in a more systematic way to study the effect of the following
process variables directly relevant of scale up and real life problems

involving rotary systems with granular solids

1. Cylinder diameter
i.  Continuous particle size distribution

ii.  Various particle shapes.



Nomenclature

a Acceleration vector of the particle

A Area of cross section of the solid bed

Al Active fayer

d Size ratio of larger to smaller particles

dp(i) Diameter of the particle /

djj Position vector between the center of the contact area with the center
| of particle 1

D Distance between the centers of particle i and particle /

I Volume fraction of black coloured particles

/1, Over all proportion of smaller particles initially

S Percentage of particles of size dp(i)

F,j Force acting on the contact area between particle i and particle j

Fi contact Sum of direct contact forces acting on particle i

Fi externa/  Sum of all external forces acting on Particle /.
7, gravity Force of gravity acting on particle s

I8 Normal component of the contact force between particle i and

nay

F,y i dissipaion  NOrtal energy dissipation force between particle / and particle j

Fo i etustic Norma elastic repulsion force between particle / and particle ;

Fiy Tangential component of the contact force between particle i and
particle j.

Fy i dynamiz Tangential dynamic friction force between particle i and particle j
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Nomenclature

i disiparion T 2NgeNtial dissipation force between particle i and particle )

o stone Tangentia! static friction force between particle / and particle /

Fr Rotational Froude number

g Acceleration due to gravity

h Shortest distance between the cylinder center and the bed surface

hy Depth of he overlap between particle i and particle j

H Actual solid Bed

k Spring stiffness coefficient

ko) Normal spring stiffness coefficient

Kl Total kinetic energy

/; Inertial tensor acting on particle i

IS Components of inertial tensor acting on particle i

L Half chord length of the bed surface

m; Mass of the particle, /

my,my Slopes made by the particle / at its maximum and minimum x-
posttion

n Number of collision particle

ne Critical rotational speed of the cylinder

mj Unit normal vector through the center of the overlap area between
particle / and particte ;

np(i) Number of particles of size range dp(i)

N Number of Particles

Py Percolation index

rpm Rotations per minute

R Cylinder radius



Nomenclature

R,

M

(1, ),.
1>
1r;
At

1§ contact
5 fluid
AT,

Ve

(v

y

v,

("P)
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Radius of particle i
Unit tangential vector through the center of the overlap area between
particle / and particle /

Bed turnover time in rolling mode

Avalanche time

Total cycle time

Time step

Time

Time of contact

Sum of all torques acting on particle /

Torque acting on contact area between particle / and particle j
Sum of all torques caused by contact forces acting on the particle /
Sum of all torques caused by anti-symmetric fluid drag forces
Critical time step

Tangential relative velocity vector between particle i/ and particle |

Fluctuation of velocity

Average velocity of particles in the segment

Overall solid volume fraction of larger particles in the bed

Granular temperature

Volume concentration of solids

Minimum possible void fraction

Velocity of particle [ at the contact point of the particle i and particle /

The relative velocity of the contact point between particle / and

particle j
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Velocity vector of the particle /

Vaig Normal relative velocity vector between particle 1 and particle |
I Volume of the particle i

Vs Axial Solids Velocity

1, x-component velocity of particle /

y-Component velocity of particle /

X; Position vector of the particle J

Xy Position vector of the center of the overlap area between particle 7 and
particle

z Dynamic angle of repose in slumping mode

o Angular velocity of the cylinder

i} Slope of the cylinder

£ Dynamic angle of Repose

8 Bed depth in angular measure

14 Exponent determined by dimensional analysis

6, Angular displacement of Particle j

A Dilation Factor

S Tangential relative velocity vector between particle / and particle |

Damping coefficient

H ~ Friction coefTicient
Yn Normal dissipation coefficient
) Dynamic angle of repose

0, Dynamic angle of repose in slumping mode
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O. Static angle of repose in slumping mode

w Angular velocity of the cylinder

S, Maximum depth of the active region

Pi Density of the Particle i

Iof Standard deviation for each set of particle in each segment”

v Tangential disstpation coefficient

g Degree of mixing

=40

Tp Standard deviation obtained during the initial conditon of totally

unmixed state

Standard deviation for a random mixture of particles

Porosity
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